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ÂÂÅÄÅÍÈÅ

Õîðîøî èçâåñòíî, ÷òî ïðîáëåìû îïòèìèçàöèè âîçíèêàþò ïðè ðå-
øåíèè çàäà÷ èõ ðàçëè÷íûõ îáëàñòåé åñòåñòâîçíàíèÿ è òåõíèêè,
ñîöèàëüíûõ íàóê è ýêîíîìèêè.

Íàñòîÿùåå ó÷åáíîå ïîñîáèå ïîñâÿùåíî èçó÷åíèþ îñíîâ âà-
ðèàöèîííîãî èñ÷èñëåíèÿ � ðàçäåëà ìàòåìàòèêè, â êîòîðîì ðàñ-
ñìàòðèâàþòñÿ çàäà÷è îòûñêàíèÿ ìèíèìóìà (ìàêñèìóìà) ôóíê-
öèîíàëîâ, è îïðåäåëåíèÿ ôóíêöèé (êðèâûõ), íà êîòîðûõ äîñòè-
ãàþòñÿ ýòè ìèíèìóìû (ìàêñèìóìû).

Âàðèàöèîííîå èñ÷èñëåíèå ÿâëÿåòñÿ åñòåñòâåííûì ðàçâèòè-
åì îáëàñòè ìàòåìàòè÷åñêîãî àíàëèçà, ïîñâÿùåííîé îòûñêàíèþ
ýêñòðåìóìîâ ôóíêöèé.

Ïîñòàíîâêè çàäà÷, ïðèâîäÿùèõ ê ïîèñêó ìàêñèìóìà èëè
ìèíèìóìà íåêîòîðîãî ôóíêöèîíàëà ìîæíî âñòðåòèòü åùå â
äðåâíåé èñòîðèè. Ïðèìåðîì òàêîé çàäà÷è ÿâëÿåòñÿ èçâåñòíàÿ
çàäà÷à Äèäîíû, êîòîðàÿ ìîæåò áûòü ôîðìàëèçîâàíà ñëåäóþ-
ùèì îáðàçîì: "Íàéòè òàêóþ êðèâóþ çàäàííîé äëèíû, êîòîðàÿ
îãðàíè÷èâàåò íà ïëîñêîñòè ôèãóðó íàèáîëüøåé ïëîùàäè".

Ìîæíî ïðèâåñòè ìíîæåñòâî ïðèìåðîâ ôèçè÷åñêèõ çàäà÷,
ïðèâîäÿùèõ ê íåîáõîäèìîñòè îòûñêàíèÿ ýêñòðåìóìîâ ôóíêöè-
îíàëîâ (çàäà÷à î ïðåëîìëåíèè ñâåòà, çàäà÷à î ìèíèìàëüíîé ïî-
âåðõíîñòè âðàùåíèÿ, çàäà÷à î ãåîäåçè÷åñêèõ ëèíèÿõ è äð.) ñì.,
íàïðèìåð, [1] - [6].

Ðîæäåíèå âàðèàöèîííîãî èñ÷èñëåíèÿ ñâÿçûâàþò ñ ïóáëè-
êàöèåé È. Áåðíóëëè â 1669 ãîäó çàäà÷è î áðàõèñòîõðîíå: Èç
âñåõ ëèíèé, ñîåäèíÿþùèõ äâå äàííûå òî÷êè A è B, íå ëåæàùèå
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íà îäíîé âåðòèêàëè, òðåáóåòñÿ íàéòè òó êðèâóþ, ïî
êîòîðîé ìàòåðèàëüíàÿ òî÷êà ïåðåìåñòèòñÿ èç òî÷êè
A â òî÷êó B ïîä äåéñòâèåì ñèëû òÿæåñòè çà êðàò-
÷àéøåå âðåìÿ. Ðåøåíèÿ ýòîé çàäà÷è áûëè ïðåäëîæå-
íû âèäíûìè ìàòåìàòèêàìè òîãî âðåìåíè ß. Áåðíóëëè,
È. Íüþòîíîì, Ã. Ëîïèòàëåì. Èñêîìîé êðèâîé îêàçàëàñü
öèêëîèäà.

Çíà÷èòåëüíûé âêëàä â ôîðìèðîâàíèå âàðèàöèîííîãî èñ÷èñ-
ëåíèÿ êàê ðàçäåëà ìàòåìàòèêè â XVIII âåêå âíåñëè Ë. Ýéëåð è
Æ. Ëàãðàíæ. Îíè âïåðâûå ïðåäëîæèëè îáùèé ìåòîä ðåøåíèÿ
ðàçëè÷íûõ òèïîâ âàðèàöèîííûõ çàäà÷.

Âàðèàöèîííîå èñ÷èñëåíèå òåñíî ñâÿçàíî ñ ðàçëè÷íûìè ïðî-
áëåìàìè ìåõàíèêè è ôèçèêè. Ñî âòîðîé ïîëîâèíû XIX âåêà íà-
÷àëè ðàçâèâàòüñÿ âàðèàöèîííûå ïðèíöèïû â ìåõàíèêå ñïëîø-
íûõ ñðåä, â êâàíòîâîé ìåõàíèêå, ýëåêòðîäèíàìèêå è ò.ä.

Â XIX âåêå ê ïðîáëåìàì âàðèàöèîííîãî èñ÷èñëåíèÿ îáðà-
ùàëèñü À.Ì. Ëåæàíäð, Î.Ë. Êîøè, Ê.Ã.ß. ßêîáè, Ê.Ô. Ãàóññ,
Ñ.Ä. Ïóàññîí, Ì.Â. Îñòðîãðàäñêèé è äð. Íàèáîëåå ïîëíîå ðåøå-
íèå îñíîâíûõ çàäà÷ âàðèàöèîííîãî èñ÷èñëåíèÿ áûëè ïðåäëîæå-
íî Ê. Âåéåðøòðàññîì è Ä. Ãèëüáåðòîì.

Ñî âðåìåíåì ïîÿâèëèñü íîâûå êëàññû çàäà÷, ïðåâðàòèâøèõ
âàðèàöèîííîå èñ÷èñëåíèå â îäíó èç íàèáîëåå îáúåìíûõ è äèíà-
ìè÷íî ðàçâèâàþùèõñÿ îáëàñòåé ñîâðåìåííîé ìàòåìàòèêè, âêëþ-
÷àþùåé â ñåáÿ ñ îäíîé ñòîðîíû àáñòðàêòíûå ðàçäåëû íà ñòûêå
òîïîëîãèè è ôóíêöèîíàëüíîãî àíàëèçà, à ñ äðóãîé ñòîðîíû ìå-
òîäû ðåøåíèÿ ïðèêëàäíûõ çàäà÷ èç ðàçëè÷íûõ îáëàñòåé íàóêè,
òåõíèêè, ýêîíîìèêè.

Ó÷åáíîå ïîñîáèå íàïèñàíî íà îñíîâå ìíîãîëåòíåãî îïûòà
÷òåíèÿ ëåêöèé è ïðîâåäåíèÿ ñåìèíàðñêèõ çàíÿòèé. Îíî îõâà-
òûâàåò îñíîâíûå ðàçäåëû êóðñà ¾Âàðèàöèîííîå èñ÷èñëåíèå è
ìåòîäû îïòèìèçàöèè¿, à òàêæå ðÿä ìåæäèñöèïëèíàðíûõ âî-
ïðîñîâ ìàòåìàòè÷åñêîãî è ôóíêöèîíàëüíîãî àíàëèçà. Ïîñîáèå
ïðåäíàçíà÷åíî äëÿ ñòóäåíòîâ, îáó÷àþùèõñÿ ïî îñíîâíûì ïðî-
ôåññèîíàëüíûì îáðàçîâàòåëüíûì ïðîãðàììàì âûñøåãî îáðàçî-
âàíèÿ ñïåöèàëüíîñòè 01.05.01 Ôóíäàìåíòàëüíûå ìàòåìàòèêà è
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ìåõàíèêà è íàïðàâëåíèÿ ïîäãîòîâêè 01.03.03 Ìåõàíèêà è ìàòå-
ìàòè÷åñêîå ìîäåëèðîâàíèå.

Ó÷åáíîå ïîñîáèå ñîñòîèò èç òðåõ ãëàâ.
Â ïåðâîé ãëàâå èçëàãàþòñÿ áàçîâûå ïîíÿòèÿ ôóíêöèîíàëü-

íîãî àíàëèçà, ñâÿçàííûå ñ äèôôåðåíöèàëüíûì èñ÷èñëåíèåì â
íîðìèðîâàííûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ, ââîäÿòñÿ êëþ-
÷åâûå ïîíÿòèÿ è ïðèâîäÿòñÿ îñíîâíûå ëåììû âàðèàöèîííîãî èñ-
÷èñëåíèÿ.

Âî âòîðîé ãëàâå ïðåæäå âñåãî ðàññìîòðåíà ïðîñòåéøàÿ çà-
äà÷à âàðèàöèîííîãî èñ÷èñëåíèÿ, ñîñòîÿùàÿ â îòûñêàíèè ýêñòðå-
ìóìà èíòåãðàëüíîãî ôóíêöèîíàëà, äåéñòâóþùåãî íà ïðîñòðàí-
ñòâå äîñòàòî÷íî ãëàäêèõ ôóíêöèé ñ ôèêñèðîâàííûìè çíà÷åíè-
ÿìè íà êîíöàõ ðàññìàòðèâàåìîãî ïðîìåæóòêà. Âûâîäÿòñÿ íåîá-
õîäèìûå óñëîâèÿ ýêñòðåìóìà ôóíêöèîíàëà, êîòîðûå ñâîäÿòñÿ
ê ðåøåíèþ êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ Ýéëåðà. Ðàññìàòðè-
âàþòñÿ ÷àñòíûå ñëó÷àè, â êîòîðûõ óðàâíåíèå Ýéëåðà èíòåãðè-
ðóåòñÿ â êâàäðàòóðàõ. Îáñóæäàþòñÿ äîñòàòî÷íûå óñëîâèÿ ýêñ-
òðåìóìà èíòåãðàëüíîãî ôóíêöèîíàëà. Ïîëó÷åííûå ðåçóëüòàòû
ðàñïðîñòðàíÿþòñÿ íà åñòåñòâåííûå îáîáùåíèÿ ïðîñòåéøåé çà-
äà÷è âàðèàöèîííîãî èñ÷èñëåíèÿ.

Â òðåòüåé ãëàâå ïîäõîä, èçëîæåííûé âî âòîðîé ãëàâå, ðàñ-
ïðîñòðàíÿåòñÿ íà çàäà÷è îòûñêàíèÿ ýêñòðåìóìà ôóíêöèîíàëà ñ
ïîäâèæíûìè ãðàíèöàìè, äåéñòâóþùåãî íà ïðîñòðàíñòâå äîñòà-
òî÷íî ãëàäêèõ ôóíêöèé, çíà÷åíèÿ êîòîðûõ íà êîíöàõ ðàññìàò-
ðèâàåìîãî ïðîìåæóòêà íå ôèêñèðîâàíû.

Ïîíÿòèÿ, îïðåäåëåíèÿ è ïîäðîáíûå äîêàçàòåëüñòâà èëëþ-
ñòðèðóþòñÿ ìíîãî÷èñëåííûìè ïðèìåðàìè. Äëÿ áîëåå ãëóáîêîãî
èçó÷åíèÿ è çàêðåïëåíèÿ ìàòåðèàëà ïðåäëîæåíû çàäà÷è.

Ó÷åáíîå ïîñîáèå ìîæåò áûòü ïîëåçíûì äëÿ ñîïðîâîæäåíèÿ
êóðñà ëåêöèé êàê â î÷íîì òàê è â äèñòàíöèîííîì ôîðìàòàõ, à
òàêæå äëÿ ñàìîñòîÿòåëüíîãî èçó÷åíèÿ.

Ìàòåðèàë ó÷åáíîãî ïîñîáèÿ òàêæå ìîæåò áûòü ïîëåçåí ìà-
ãèñòðàì, àñïèðàíòàì è ñïåöèàëèñòàì â îáëàñòè ìàòåìàòè÷åñêîãî
ìîäåëèðîâàíèÿ, ìàòåìàòèêè è ìåõàíèêè.
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Ãëàâà 1

Îñíîâíûå ïîíÿòèÿ

1.1 Íîðìèðîâàííûå è ìåòðè÷åñêèå

ïðîñòðàíñòâà

Îïðåäåëåíèå 1 Ëèíåéíîå ïðîñòðàíñòâî X íàçûâàåòñÿ íîð-

ìèðîâàííûì, åñëè íà X çàäàíà ñêàëÿðíàÿ ôóíêöèÿ ∥.∥ : X → R,

íàçûâàåìàÿ íîðìîé, óäîâëåòâîðÿþùàÿ àêñèîìàì:

1. ∥x∥ ≥ 0 äëÿ ëþáîãî x ∈ X è ∥x∥ = 0 ⇐⇒ x = 0;

2. ∥αx∥ = |α|∥x∥ äëÿ äþáûõ x ∈ X,α ∈ R;

3. ∥x1 + x2∥ ≤ ∥x1∥+ ∥x2∥ äëÿ äþáûõ x1, x2 ∈ X.

Îïðåäåëåíèå 2 Ïðîñòðàíñòâî Y íàçûâàåòñÿ ìåòðè÷åñêèì,

åñëè äëÿ ëþáûõ x1, x2 ∈ Y çàäàíà ñêàëÿðíàÿ ôóíêöèÿ ρ(x1, x2),

íàçûâàåìàÿ ìåòðèêîé (ðàññòîÿíèåì), óäîâëåòâîðÿþùàÿ

àêñèîìàì:

1. ρ(x1, x2) ≥ 0 äëÿ ëþáûõ x1, x2 ∈ Y è

ρ(x1, x2) = 0 ⇐⇒ x1 = x2;

2. ρ(x1, x2) = ρ(x2, x1) äëÿ ëþáûõ x1, x2 ∈ Y ;

3. ρ(x1, x2) ≤ ρ(x1, x3) + ρ(x3, x2) äëÿ ëþáûõ x1, x2, x3 ∈ Y.
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Ëèíåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî X ÿâëÿåòñÿ ìåòðè-
÷åñêèì ñ ìåòðèêîé ρ(x1, x2) = ∥x1 − x2∥.

Îïðåäåëåíèå 3 Ïîëíîå îòíîñèòåëüíî óêàçàííîé ìåòðèêè

ëèíåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî íàçûâàåòñÿ áàíàõîâûì.

Ïðèìåð 1 Ïðîñòðàíñòâî Rn âåêòîðîâ x̄ = (x̄1, . . . , x̄n)

c íîðìîé

∥x̄∥ =

√√√√ n∑
k=1

(xk)2

ÿâëÿåòñÿ áàíàõîâûì.

Ïðèìåð 2 Ïðîñòðàíñòâî C[a, b] ôóíêöèé f(x), íåïðåðûâíûõ

íà îòðåçêå [a, b] ñ íîðìîé

∥f∥C = max
[a,b]

|f(x)|

ÿâëÿåòñÿ áàíàõîâûì.

Ïðèìåð 3 Ïðîñòðàíñòâî C1[a, b] ôóíêöèé f(x), íåïðåðûâíî

äèôôåðåíöèðóåìûõ íà îòðåçêå [a, b], ñ íîðìîé

∥f∥C1 = max
[a,b]

{|f(x)|+ |f ′(x)|}

ÿâëÿåòñÿ áàíàõîâûì.

1.2 Ýëåìåíòû äèôôåðåíöèàëüíîãî

èñ÷èñëåíèÿ â íîðìèðîâàííûõ

ïðîñòðàíñòâàõ

Ïóñòü X, Y � ëèíåéíûå íîðìèðîâàííûå ïðîñòðàíñòâà, U ⊂ X �
íåêîòîðàÿ îêðåñòíîñòü òî÷êè x ∈ X, îòîáðàæåíèå F : U → Y.
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Îïðåäåëåíèå 4 Åñëè äëÿ ëþáîãî h ∈ X ñóùåñòâóåò ïðåäåë

δF (x, h) = lim
α→0

F (x+ αh)− F (x)

α
,

òî îòîáðàæåíèå δF (x, h) íàçûâàåòñÿ ïåðâîé âàðèàöèåé

Ëàãðàíæà îòîáðàæåíèÿ F â òî÷êå x.

Îïðåäåëåíèå 5 Åñëè îòîáðàæåíèå F èìååò â òî÷êå x

ïåðâóþ âàðèàöèþ Ëàãðàíæà è ñóùåñòâóåò ëèíåéíûé íåïðå-

ðûâíûé îïåðàòîð Λ : X → Y òàêîé, ÷òî δF (x, h) = Λh, òî

îïåðàòîð Λ íàçûâàåòñÿ ïðîèçâîäíîé Ãàòî (ñëàáîé ïðîèçâîäíîé)

îòîáðàæåíèÿ F â òî÷êå x è îáîçíà÷àåòñÿ F ′
Γ(x).

Îïðåäåëåíèå 6 Îòîáðàæåíèå F íàçûâàåòñÿ äèôôåðåíöèðóå-

ìûì ïî Ôðåøå â òî÷êå x, åñëè â îêðåñòíîñòè òî÷êè x ìîæíî

çàïèñàòü ñîîòíîøåíèå

F (x+ h) = F (x) + Λh+ o(∥h∥),

èëè

F (x+ h) = F (x) + Λh+ α(h)∥h∥, lim
∥h∥→0

∥α(h)∥ = 0.

Îïåðàòîð Λ íàçûâàåòñÿ ïðîèçâîäíîé Ôðåøå (ñèëüíîé ïðîèçâîä-

íîé) îòîáðàæåíèÿ F â òî÷êå x è îáîçíà÷àåòñÿ F ′(x).

Ïðîèçâîäíàÿ Ôðåøå (Ãàòî) ïî îïðåäåëåíèþ åñòü ëèíåéíûé
îïåðàòîð, äåéñòâóþùèé èç ïðîñòðàíñòâà X â ïðîñòðàíñòâî Y.
Ðåçóëüòàò äåéñòâèÿ ýòîãî îïåðàòîðà íà ýëåìåíò h ∈ X íàçûâà-
åòñÿ äèôôåðåíöèàëîì Ôðåøå (Ãàòî) îòîáðàæåíèÿ F â òî÷êå x
è îáîçíà÷àåòñÿ F ′(x)[h].

Èç ïðèâåäåííûõ îïðåäåëåíèé âûòåêàåò ñïðàâåäëèâîñòü ñëå-
äóþùèõ óòâåðæäåíèé.
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Òåîðåìà 1 Åñëè îòîáðàæåíèå F ñèëüíî äèôôåðåíöèðóåìî â

òî÷êå x, òî îíî íåïðåðûâíî â ýòîé òî÷êå.

Òåîðåìà 2 Ìåæäó îïðåäåëåíèÿìè 4 � 6 äåéñòâóþò ñîîòíîøå-

íèÿ: 6 ⇒ 5, 5 ⇒ 4.

Ìîæíî ïðèâåñòè êîíòðïðèìåðû, èëëþñòðèðóþùèå òîò
ôàêò, ÷òî íè îäíî èç óòâåðæäåíèé òåîðåìû 2 íå ìîæåò áûòü
îáðàùåíî [1].

1.3 Ôóíêöèîíàëû è èõ âàðèàöèè

Îïðåäåëåíèå 7 Ôóíêöèîíàëîì íàçûâàåòñÿ îòîáðàæåíèå

J : V → R, äåéñòâóþùåå èç íåêîòîðîãî ïðîñòðàíñòâà V â

ìíîæåñòâî äåéñòâèòåëüíûõ ÷èñåë.

Íàñ áóäóò èíòåðåñîâàòü ñëó÷àé, êîãäà îáëàñòüþ îïðåäå-
ëåíèÿ ôóíêöèîíàëà ÿâëÿåòñÿ íåêîòîðîå ìíîæåñòâî ôóíêöèé
V (ìíîæåñòâî äîïóñòèìûõ ôóíêöèé). Äîïóñòèìûå ôóíêöèè
áóäåì â äàëüíåéøåì íàçûâàòü òî÷êàìè.

Ðàññìîòðèì ïðèìåðû ôóíêöèîíàëîâ.

Ïðèìåð 4 Ïóñòü V � ïðîèçâîëüíîå ìíîæåñòâî ôóíêöèé y(x),

îïðåäåëåííûõ íà ïðîìåæóòêå [0, 1]. Ôóíêöèîíàë J [y] ìîæíî çà-

äàòü ôîðìóëîé J [y] = y(0).

Ïðèìåð 5 Èíòåãðàë

J [y] =

b∫
a

√
1 + y′2dx =

b∫
a

√
1 + y′2(x)dx,

çàäàþùèé äëèíó êðèâîé, ïðåäñòàâëÿåò ñîáîé ôóíêöèîíàë, çà-

äàííûé íà ìíîæåñòâå V = C1[a, b].
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Çàìå÷àíèå 1 Äëÿ óïðîùåíèÿ çàïèñè, êàê è â ïðèìåðå 5, áóäåì

â äàëüíåéøåì îïóñêàòü àðãóìåíò ó ïîäûíòåãðàëüíîé ôóíêöèè.

Îáëàñòü îïðåäåëåíèÿ V ôóíêöèîíàëà ìîæåò èìåòü ðàçëè÷-
íóþ ñòðóêòóðó. Áóäåì ïðåäïîëàãàòü â äàëüíåéøåì, ÷òî V � ëè-
íåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî.

Îïðåäåëåíèå 8 Åñëè ôóíêöèîíàë J [y] ïðåäñòàâëÿåò ñîáîé

ëèíåéíóþ ôîðìó, ò.å. äëÿ ëþáûõ y1, y2 ∈ V è ïðîèçâîëüíûõ

α1, α2 ∈ R âûïîëíåíî ñîîòíîøåíèå

J [α1y1 + α2y2] = α1J [y1] + α2J [y2],

òî îí íàçûâàåòñÿ ëèíåéíûì ôóíêöèîíàëîì.

Îïðåäåëåíèå 9 Ôóíêöèîíàë J [y], îïðåäåëåííûé íà ëèíåéíîì

íîðìèðîâàííîì ïðîñòðàíñòâå V, íàçûâàåòñÿ íåïðåðûâíûì â

òî÷êå y0 ∈ V, åñëè äëÿ ëþáîãî ε > 0 íàéäåòñÿ òàêîå δ > 0,

÷òî äëÿ ëþáîé òî÷êè y, ïðèíàäëåæàùåé δ−îêðåñòíîñòè òî÷-

êè y0, ò.å. óäîâëåòâîðÿþùåé óñëîâèþ ∥y− y0∥ < δ, ñïðàâåäëèâî

íåðàâåíñòâî |J [y]− J [y0]| < ε.

Îïðåäåëåíèå 10 Âûáåðåì íåêîòîðóþ ôóíêöèþ y0(x) ∈ V.

Ïóñòü z(x) � ïðîèçâîëüíàÿ ôóíêöèÿ èç V. Âàðèàöèåé ôóíêöèè

y0(x) áóäåì íàçûâàòü ðàçíîñòü δy0(x) = z(x)− y0(x).

Çàìå÷àíèå 2 Ïîä÷åðêíåì îòëè÷èå ïîíÿòèÿ âàðèàöèè îò ïðè-

ðàùåíèÿ ôóíêöèè â òî÷êå. Ïðèðàùåíèå ôóíêöèè â òî÷êå x0 åñòü

÷èñëî, ðàâíîå ðàçíîñòè äâóõ çíà÷åíèé ôóíêöèè, à âàðèàöèÿ - ýòî

ôóíêöèÿ, ðàâíàÿ ðàçíîñòè äâóõ ôóíêöèé.

Äëÿ çàäàííîãî ôóíêöèîíàëà J [y] ñ îáëàñòüþ îïðåäåëåíèÿ
V è âûáðàííîé ôóíêöèè y(x) ∈ V áóäåì íàçûâàòü âàðèàöèþ δy
äîïóñòèìîé âàðèàöèåé, åñëè y + δy ∈ V.
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Çàìå÷àíèå 3 Äëÿ äèôôåðåíöèðóåìûõ ôóíêöèé ñëåäóåò ðàç-

ëè÷àòü ïðîèçâîäíóþ âàðèàöèè δy′ = (δy)′ è âàðèàöèþ

ïðîèçâîäíîé δ(y′).

Ðàññìîòðèì ïðèðàùåíèå ôóíêöèîíàëà J [y], îïðåäåëåííîãî
íà ëèíåéíîì íîðìèðîâàííîì ïðîñòðàíñòâå V, â òî÷êå y, ñîîòâåò-
ñòâóþùåå âàðèàöèè δy

∆J [y] = J [y + δy]− J [y]. (1.1)

Åñëè ýòî ïðèðàùåíèå ìîæíî ïðåäñòàâèòü â âèäå ñóììû

∆J [y] = J [y + δy]− J [y] = J1[y, δy] + o(δy), (1.2)

ãäå J1[y, δy] - ôóíêöèîíàë, ëèíåéíûé îòíîñèòåëüíî δy, à

|o(δy)|
∥δy∥

→ 0

ïðè ∥δy∥ → 0, òî ôóíêöèîíàë J [y] íàçûâàþò äèôôåðåíöèðó-

åìûì â òî÷êå y, à ëèíåéíûé ôóíêöèîíàë J1[y, δy] � ñèëüíûì

äèôôåðåíöèàëîì (äèôôåðåíöèàëîì Ôðåøå).

Îïðåäåëåíèå 11 Ïåðâîé âàðèàöèåé δJ [y, δy] ôóíêöèîíàëà J â

òî÷êå y íàçûâàþò ôóíêöèîíàë

δJ [y, δy] = lim
α→0

J [y + αδy]− J [y]

α
=

∂

∂α
J [y + αδy]


α=0

, (1.3)

êîòîðûé êàæäîé âàðèàöèè δy ñòàâèò â ñîîòâåòñòâèå ÷èñëî.

Åñëè ýòîò ôóíêöèîíàë ëèíååí ïî δy, òî åãî íàçûâàþò ñëàáûì

äèôôåðåíöèàëîì (äèôôåðåíöèàëîì Ãàòî) â òî÷êå y.

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå

Òåîðåìà 3 Åñëè ôóíêöèîíàë J [y] äèôôåðåíöèðóåì â òî÷êå y,

òî åãî äèôôåðåíöèàë Ãàòî â òî÷êå y ñóùåñòâóåò è ñîâïàäàåò ñ

äèôôåðåíöèàëîì Ôðåøå.
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Ä î ê à ç à ò å ë ü ñ ò â î.
Âîçüìåì ïðîèçâîëüíóþ äîïóñòèìóþ âàðèàöèþ δy â òî÷êå y

è âû÷èñëèì ïåðâóþ âàðèàöèþ ôóíêöèîíàëà J [y]

δJ [y, δy] = lim
α→0

J [y + αδy]− J [y]

α
= lim

α→0

J1[y, αδy] + o(αδy)

α
=

= lim
α→0

αJ1[y, δy]

α
= J1[y, δy]. (1.4)

Ïðè ýòîì ó÷òåíà äèôôåðåíöèðóåìîñòü ôóíêöèîíàëà J [y],
ëèíåéíîñòü ôóíêöèîíàëà J1[y, δy] îòíîñèòåëüíî δy è ñëåäóþùèé
ïðåäåëüíûé ïåðåõîä

lim
α→0

|o(αδy)|
α

= ∥δy∥ lim
α→0

|o(αδy)|
∥αδy∥

= ∥δy∥ · 0 = 0,

ò. ê. ∥αδy∥ = |α|∥δy∥ → 0 ïðè α→ 0.
Äîêàçàííîå ðàâåíñòâî (1.4) ïîêàçûâàåò, ÷òî ïåðâàÿ âàðè-

àöèÿ δJ [y, δy] äèôôåðåíöèðóåìîãî ôóíêöèîíàëà ïðåäñòàâëÿåò
ñîáîé ôóíêöèîíàë, ëèíåéíûé ïî δy, à çíà÷èò, ïî îïðåäåëåíèþ,
ýòîò ôóíêöèîíàë è åñòü äèôôåðåíöèàë Ãàòî, êîòîðûé ñîâïàë ñ
äèôôåðåíöèàëîì Ôðåøå.

Çàìåòèì, ÷òî óòâåðæäåíèå, îáðàòíîå òåîðåìå 3, íå âåðíî:
äèôôåðåíöèàë Ãàòî ìîæåò ñóùåñòâîâàòü ó íåäèôôåðåíöèðóå-
ìîãî ôóíêöèîíàëà [1].

Â âàðèàöèîííîì èñ÷èñëåíèè ÷àùå âñåãî âñòðå÷àþòñÿ ôóíê-
öèîíàëû, çàäàííûå ñ ïîìîùüþ èíòåãðàëîâ, íàïðèìåð

b∫
a

f(x, y, y′)dx,

b∫
a

f(x, y, y′, . . . , y(n))dx,

∫
D

∫
f(x, y, z, z′x, z

′
y)dxdy.

Ðàññìîòðèì ïðèìåðû, èëëþñòðèðóþùèå âû÷èñëåíèå
âàðèàöèé ôóíêöèîíàëîâ.
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Ïðèìåð 6 Ðàññìîòðèì ôåíêöèîíàë J [y] =
b∫
a
ydx.

Âû÷èñëèì ïðèðàùåíèå ýòîãî ôóíêöèîíàëà

∆J =

b∫
a

(y + δy)dx−
b∫

a

ydx =

b∫
a

δydx.

Ôóíêöèîíàë ∆J ëèíååí îòíîñèòåëüíî δy. Ñëåäîâàòåëüíî

δJ [y, δy] =
b∫
a
δydx.

Ïðèìåð 7 Ðàññìîòðèì ôóíêöèîíàë J [y] =
b∫
a
y2dx.

Âû÷èñëèì ïðèðàùåíèå ýòîãî ôóíêöèîíàëà

∆J =

b∫
a

(y + δy)2dx−
b∫

a

y2dx =

b∫
a

2yδydx+

b∫
a

(δy)2dx.

Ïåðâûé èíòåãðàë â ïðàâîé ÷àñòè ëèíååí îòíîñèòåëüíî δy, äëÿ

âòîðîãî èíòåãðàëà ñïðàâåäëèâî íåðàâåíñòâî

b∫
a

(δy)2dx ≤ max
a≤x≤b

|δy|2
b∫

a

dx = (b− a)∥δy∥2.

Ó÷èòûâàÿ, ÷òî ∥δy∥2 = o(∥δy∥), èìååì δJ [y, δy] = 2
b∫
a
yδydx.

Ðàññìîòðèì òåïåðü èíòåãðàëüíûé ôóíêöèîíàë îáùåãî âèäà

J [y] =

b∫
a

f(x, y, y′)dx, (1.5)

çàäàííûé íà ëèíåéíîì íîðìèðîâàííîì ïðîñòðàíñòâå C1[a, b] ñ
íîðìîé ∥.∥C1 .

15



Ïðåäïîëîæèì, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ f � äâàæäû
íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ òðåõ ïåðåìåííûõ íà
îãðàíè÷åííîì çàìêíóòîì ìíîæåñòâå G â ïðîñòðàíñòâå R3.

Âû÷èñëèì ïðèðàùåíèå ýòîãî ôóíêöèîíàëà

∆J = J [y + δy]− J [y] =

b∫
a

f(x, y + δy, y′ + δy′)dx−

−
b∫

a

f(x, y, y′)dx =

b∫
a

(f(x, y + δy, y′ + δy′)− f(x, y, y′))dx.

Ïðèìåíèì ê ïîäûíòåãðàëüíîé ôóíêöèè ôîðìóëó Òåéëîðà

f(x, y + δy, y′ + δy′)− f(x, y, y′) = f ′y(x, y, y
′)δy +

+f ′y′(x, y, y
′)δy′ +R(x, y, y′, δy, δy′). (1.6)

Çäåñü R(x, y, y′, δy, δy′) � îñòàòî÷íûé ÷ëåí â ôîðìóëå Òåéëîðà

R(x, y, y′, δy, δy′) =
1

2
f ′′yy(x, y + θδy, y′ + θδy′)(δy)2 +

+f ′′yy′(x, y + θδy, y′ + θδy′)δyδy′ +

+
1

2
f ′′y′y′(x, y + θδy, y′ + θδy′)(δy′)2,

ãäå θ ∈ (0, 1), âîîáùå ãîâîðÿ, çàâèñèò îò ïåðåìåííîé x.
Ïåðâûå äâà ñëàãàåìûõ â ïðàâîé ÷àñòè (1.6) ïðåäñòàâ-

ëÿþò ñîáîé íåïðåðûâíóþ ôóíêöèþ ïåðåìåííîé x, à çíà÷èò,
R(x, y, y′, δy, δy′) � òàêæå íåïðåðûâíàÿ, à çíà÷èò, èíòåãðèðóåìàÿ
ôóíêöèÿ.

Îöåíèì ñîîòâåòñòâóþùèé èíòåãðàë, ó÷èòûâàÿ, ÷òî ôóíê-
öèÿ f è åå ÷àñòíûå ïðîèçâîäíûå âòîðîãî ïîðÿäêà íåïðåðûâíû
íà îãðàíè÷åííîì çàìêíóòîì ìíîæåñòâå G â ïðîñòðàíñòâå R3, à
çíà÷èò, îãðàíè÷åíû.

|
b∫

a

R(x, y, y′, δy, δy′)dx| ≤
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≤ N

2

b∫
a

(|δy|2 + 2|δy||δy′|+ |δy′|2)dx ≤ N

2
(b− a)∥δy∥2C1 .

Çäåñü N = max
G

{|f ′′yy|, |f ′′yy′ |, |f ′′y′y′ |}. Ñëåäîâàòåëüíî

|
b∫

a

R(x, y, y′, δy, δy′)dx| = o(∥δy∥C1).

À çíà÷èò

∆J =

b∫
a

(f ′y(x, y, y
′)δy + f ′y′(x, y, y

′)δy′)dx+ o(∥δy∥C1). (1.7)

Ïðîàíàëèçèðóåì òåïåðü âòîðîå ñëàãàåìîå â (1.7). Òàê êàê
δy′dx = (δy)′dx = d(δy), òî, èíòåãðèðóÿ ïî ÷àñòÿì

b∫
a

f ′y′(x, y, y
′)δy′dx =

b∫
a

f ′y′(x, y, y
′)d(δy) =

= f ′y′(x, y, y
′)δy

b

a
−

b∫
a

d

dx
(f ′y′(x, y, y

′))δydx,

ïîëó÷àåì ñëåäóþùåå ïðåäñòàâëåíèå äëÿ ïðèðàùåíèÿ
ôóíêöèîíàëà

∆J =

b∫
a

(f ′y(x, y, y
′)− d

dx
(f ′y′(x, y, y

′))δydx+

+f ′y′(x, y, y
′)δy

b

a
+o(∥δy∥C1). (1.8)

Ïåðâûå äâà ñëàãàåìûõ ïðåäñòàâëÿþò ñîáîé ôóíêöèîíàë,
ëèíåéíûé îòíîñèòåëüíî δy, à ïîñëåäíåå ñëàãàåìîå åñòü áåñêî-
íå÷íî ìàëàÿ âåëè÷èíà áîëåå âûñîêîãî ïîðÿäêà ìàëîñòè, ÷åì δy
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ïðè δy → 0. Ñëåäîâàòåëüíî, ðàññìàòðèâàåìûé ôóíêöèîíàë ÿâ-
ëÿåòñÿ äèôôåðåíöèðóåìûì, à åãî äèôôåðåíöèàë Ôðåøå ìîæíî
ïðåäñòàâèòü â âèäå

J1[y, δy] =

b∫
a

(f ′y(x, y, y
′)δy + f ′y′(x, y, y

′)δy′)dx, (1.9)

ò.ê. ïåðâûå äâà ñëàãàåìûõ â (1.8) ïîëó÷åíû èç (1.9) èíòåãðèðî-
âàíèåì ïî ÷àñòÿì.

Ïðèìåð 8 Ðàññìîòðèì ôóíêöèîíàë J [y] =
π∫
0

y′ sin ydx.

Â äàííîì ñëó÷àå f(x, y, y′) = y′ sin y, f ′y = y′ cos y, f ′y′ = sin y,

à çíà÷èò

J1[y, δy] =

π∫
0

(y′ cos yδy + sin yδy′)dx.

Äëÿ ñóùåñòâîâàíèÿ äèôôåðåíöèàëà Ãàòî äîñòàòî÷íûìè
óñëîâèÿìè ÿâëÿþòñÿ áîëåå ñëàáûå óñëîâèÿ íåïðåðûâíîñòè
ôóíêöèè f è åå ÷àñòíûõ ïðîèçâîäíûõ f ′y è f

′
y′ . Äëÿ âû÷èñëåíèÿ

ïåðâîé âàðèàöèè ìîæíî âîñïîëüçîâàòüñÿ äèôôåðåíöèðîâàíèåì
èíòåãðàëà ïî ïàðàìåòðó.

δJ [y, δy] = (
∂

∂α

b∫
a

f(x, y + αδy, y′ + αδy′))dx)

α=0

=

=

b∫
a

∂

∂α
f(x, y + αδy, y′ + αδy′)dx


α=0

=

=

b∫
a

(f ′yδy + f ′y′δy
′)dx.

Äëÿ îáîñíîâàííîñòè äèôôåðåíöèðîâàíèÿ èí-
òåãðàëà ïî ïàðàìåòðó äîñòàòî÷íî íåïðåðûâíîñòè
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ïîäûíòåãðàëüíîé ôóíêöèè è åå ÷àñòíîé ïðîèçâîä-
íîé ïî ïàðàìåòðó. Ïîëó÷åííàÿ ïåðâàÿ âàðèàöèÿ
ÿâëÿåòñÿ ëèíåéíûì ôóíêöèîíàëîì îòíîñèòåëüíî δy, ò.å.
ïðåäñòàâëÿåò ñîáîé äèôôåðåíöèàë Ãàòî.

Ïðèìåð 9 Ðàññìîòðèì ôóíêöèîíàë J [y] =
b∫
a
(x+ y2 + (y′)2)dx.

δJ [y, δy] =
∂

∂α

b∫
a

(x+ (y + αδy)2 + (y′ + αδy′)2)dx

α=0

=

=

b∫
a

(2(y + αδy)δy + 2(y′ + αδy′)δy′)dx

α=0

=

= 2

b∫
a

(yδy + y′δy′)dx.

Ðàññìîòðèì îòîáðàæåíèå F : V 2 → R, êîòîðîå êàæäîé ïàðå
ýëåìåíòîâ y, z ∈ V ñòàâèò â ñîîòâåòñòâèå ÷èñëî F [y, z].

Îïðåäåëåíèå 12 Îòîáðàæåíèå F íàçûâàþò áèëèíåéíîé ôîð-

ìîé (áèëèíåéíûì ôóíêöèîíàëîì), åñëè ýòî îòîáðàæåíèå ëè-

íåéíî ïî êàæäîìó èç àðãóìåíòîâ, ò.å. äëÿ ëþáûõ α1, α2 ∈ R

âûïîëíåíû ñîîòíîøåíèÿ

F [α1y1 + α2y2, z] = α1F [y1, z] + α2F [y2, z],

F [y, α1z1 + α2z2] = α1F [y, z1] + α2F [y, z2].

Îïðåäåëåíèå 13 Îòîáðàæåíèå G[y] = F [y, y] íàçûâàþò êâàä-

ðàòè÷íîé ôîðìîé (êâàäðàòè÷íûì ôóíêöèîíàëîì).

Îïðåäåëåíèå 14 Êâàäðàòè÷íûé ôóíêöèîíàë íàçûâàþò ïî-

ëîæèòåëüíî îïðåäåëåííûì, åñëè G[y] ≥ 0 äëÿ ëþáîãî y è

G[y] = 0 ⇐⇒ y = 0.
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Îïðåäåëåíèå 15 Êâàäðàòè÷íûé ôóíêöèîíàë G[y] íàçûâàþò

ñèëüíî ïîëîæèòåëüíûì, åñëè ñóùåñòâóåò òàêàÿ êîíñòàí-

òà M > 0, ÷òî äëÿ ëþáîãî y âûïîëíÿåòñÿ íåðàâåíñòâî

G[y] ≥M∥y∥2.

Â êîíå÷íîìåðíîì ñëó÷àå ñèëüíàÿ ïîëîæèòåëüíîñòü êâàäðà-
òè÷íîãî ôóíêöèîíàëà ýêâèâàëåíòíà ïîëîæèòåëüíîé îïðåäåëåí-
íîñòè.

Îïðåäåëåíèå 16 Ôóíêöèîíàë J [y] äâàæäû äèôôåðåíöèðóåì â

òî÷êå y, åñëè åãî ïðèðàùåíèå ∆J [y] = J [y + δy]− J [y] ïðåäñòà-

âèìî â âèäå

∆J [y] = J1[y, δy] + δ2J [y, δy] + o(∥δy∥2),

ãäå δ2J [y, δy] � êâàäðàòè÷íûé ôóíêöèîíàë ïî ïåðåìåííîé δy.

Êâàäðàòè÷íûé ôóíêöèîíàë δ2J [y, δy] íàçûâàåòñÿ âòîðîé

âàðèàöèåé ôóíêöèîíàëà J [y].

Ïðèìåð 10 Íàéäåì âòîðóþ âàðèàöèþ ôóíêöèîíàëà

J [y] =

1∫
0

(xy2 + y′3)dx.

Ïðèðàùåíèå ôóíêöèîíàëà ìîæåò áûòü ïðåäñòàâëåíî â âèäå

∆J = J [y + δy]− J [y] =

1∫
0

(x(y + δy)2 + (y′ + δy′)3 −

−(xy2 + y′3))dx =

1∫
0

(2xyδy + 3y′2δy′)dx+

+

1∫
0

(x(δy)2 + 3y′(δy′)2)dx+

1∫
0

(δy′)3dx.
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Ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè ÿâëÿåòñÿ ëèíåéíûì ôóíêöèî-

íàëîì îòíîñèòåëüíî δy, δy′, âòîðîå ñëàãàåìîå � êâàäðàòè÷íûì,

òðåòüå ñëàãàåìîå óäîâëåòâîðÿåò íåðàâåíñòâó

|
1∫

0

(δy′)3dx| ≤ ∥δy∥2
1∫

0

|δy′|dx.

Çíà÷èò, òðåòüå ñëàãàåìîå ÿâëÿåòñÿ áåñêîíå÷íî ìàëîé áîëåå âû-

ñîêîãî ïîðÿäêà ìàëîñòè, ÷åì ∥δy∥2 ïðè δy → 0. Ñëåäîâàòåëüíî

δ2J [y, δy] =

1∫
0

(x(δy)2 + 3y′(δy′)2)dx.

Âû÷èñëèì òåïåðü âòîðóþ âàðèàöèþ èíòåãðàëüíîãî ôóíê-
öèîíàëà îáùåãî âèäà (1.5), çàäàííîãî íà ëèíåéíîì íîðìèðîâàí-
íîì ïðîñòðàíñòâå ôóíêöèé C1[a, b], óäîâëåòâîðÿþùèõ êðàåâûì
óñëîâèÿì

y(a) = ya, y(b) = yb.

Ïðåäïîëaãàåòñÿ, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ f � äâàæäû
íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ òðåõ ïåðåìåííûõ. Âà-
ðèàöèè ôóíêöèé â äàííîì ñëó÷àå áóäóò óäîâëåòâîðÿòü îäíîðîä-
íûì êðàåâûì óñëîâèÿì δy(a) = δy(b) = 0. Ïðèðàùåíèå ýòîãî
ôóíêöèîíàëà, ñ ó÷åòîì ôîðìóëû Òåéëîðà, ìîæåò áûòü çàïèñà-
íî â âèäå

∆J = J [y + δy]− J [y] =

b∫
a

f(x, y + δy, y′ + δy′)dx−

−
b∫

a

f(x, y, y′)dx =

b∫
a

(f(x, y + δy, y′ + δy′)− f(x, y, y′))dx =

=

b∫
a

(f ′yδy + f ′y′δy
′)dx+
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+
1

2

b∫
a

(f ′′yy(δy)
2 + 2f ′′yy′δyδy

′ + f ′′y′y′(δy
′)2)dx+ o(∥δy∥2C1)

Ñëåäîâàòåëüíî,

δ2J [y, δy] =
1

2

b∫
a

(f ′′yy(δy)
2 + 2f ′′yy′δyδy

′ + f ′′y′y′(δy
′)2)dx.

Èñïîëüçóÿ ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì è îäíîðîäíûå
êðàåâûå óñëîâèÿ äëÿ âàðèàöèè δy, ïîëó÷àåì

2

b∫
a

f ′′yy′δyδy
′dx =

b∫
a

f ′′yy′d((δy)
2) =

= (f ′′yy′(δy)
2)
b

a
−

b∫
a

(
d

dx
f ′′yy′)(δy)

2dx =

= −
b∫

a

(
d

dx
f ′′yy′)(δy)

2dx.

Ñëåäîâàòåëüíî, âòîðóþ âàðèàöèþ ìîæíî ïðåäñòàâèòü â âèäå

δ2J [y, δy] =

b∫
a

(Q(δy)2 + P (δy′)2)dx, (1.10)

Q =
1

2
(f ′′yy −

d

dx
f ′′yy′), P =

1

2
f ′′y′y′ .
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1.4 Ýêñòðåìóìû ôóíêöèîíàëîâ

Ïóñòü ε � ïîëîæèòåëüíîå ÷èñëî.

Îïðåäåëåíèå 17 Ñèëüíîé ε-îêðåñòíîñòüþ ôóíê-

öèè y0(x) ∈ C1[a, b] íàçîâåì ìíîæåñòâî ôóíêöèé

y(x) ∈ C1[a, b], äëÿ êîòîðûõ ∥y− y0∥C = max
x∈[a,b]

|y(x)− y0(x)| < ε.

Îïðåäåëåíèå 18 Ñëàáîé ε-îêðåñòíîñòüþ ôóíêöèè

y0(x) ∈ C1[a, b] íàçîâåì ìíîæåñòâî ôóíêöèé y(x) ∈ C1[a, b],

äëÿ êîòîðûõ

∥y − y0∥C1 = max
x∈[a,b]

{|y(x)− y0(x)|+ |y′(x)− y′0(x)|} < ε.

Î÷åâèäíî, ÷òî ôóíêöèÿ y(x), ïðèíàäëåæàùàÿ ñëàáîé
ε-îêðåñòíîñòè ôóíêöèè y0(x), ïðèíàäëåæèò è ñèëüíîé
ε-îêðåñòíîñòè ýòîé æå ôóíêöèè, ò.å. ñëàáàÿ ε-îêðåñòíîñòü
ñîäåðæèòñÿ â ñèëüíîé ε-îêðåñòíîñòè.

Îïðåäåëåíèå 19 Ãîâîðÿò, ÷òî ôóíêöèîíàë J [y], îïðåäåëåí-

íûé íà ïðîñòðàíñòâå C1[a, b], äîñòèãàåò ñèëüíîãî (ñëàáîãî) ìè-

íèìóìà íà ôóíêöèè (â òî÷êå) y∗(x) ∈ C1[a, b], åñëè íàéäåòñÿ

òàêàÿ ñèëüíàÿ (ñëàáàÿ) ε-îêðåñòíîñòü ôóíêöèè y∗(x), ÷òî äëÿ

ëþáîé ôóíêöèè y(x) èç ýòîé îêðåñòíîñòè âûïîëíÿåòñÿ íåðà-

âåíñòâî J [y] ≥ J [y∗].

Åñëè äëÿ ëþáîé ôóíêöèè èç ýòîé îêðåñòíîñòè, îòëè÷íîé

îò y∗(x), óêàçàííîå íåðàâåíñòâî ÿâëÿåòñÿ ñòðîãèì, òî òàêîé

ìèíèìóì íàçûâàåòñÿ ñòðîãèì.

Ñèëüíûé (ñëàáûé) ìàêñèìóì ââîäèòñÿ àíàëîãè÷íûì îá-
ðàçîì. Ñèëüíûå (ñëàáûå) ìàêñèìóìû è ìèíèìóìû îáúåäè-
íÿþòñÿ îáùèì íàçâàíèåì - ñèëüíûé (ñëàáûé) ýêñòðåìóì.
Ôóíêöèþ y∗(x), äîñòàâëÿþùóþ ñèëüíûé (ñëàáûé) ýêñòðåìóì
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ôóíêöèîíàëó J [y], íàçûâàþò òî÷êîé ñèëüíîãî (ñëàáîãî) ýêñòðå-
ìóìà ôóíêöèîíàëà.

Òàê êàê âñÿêàÿ ôóíêöèÿ, ïðèíàäëåæàùàÿ ñëàáîé
ε-îêðåñòíîñòè ôóíêöèè y∗(x), àâòîìàòè÷åñêè âõîäèò â ñèëüíóþ
ε-îêðåñòíîñòü, òî âñÿêèé ñèëüíûé ýêñòðåìóì îäíîâðåìåííî
ÿâëÿåòñÿ è ñëàáûì. Îäíàêî ñëàáûé ýêñòðåìóì ôóíêöèîíà-
ëà íå îáÿçàòåëüíî ÿâëÿåòñÿ åãî ñèëüíûì ýêñòðåìóìîì. Ýòî
îáúÿñíÿåòñÿ òåì, ÷òî ôóíêöèè, áëèçêèå ïî ñâîèì çíà÷åíèÿì
(ïîïàäàþùèå â ñèëüíóþ ε-îêðåñòíîñòü), ìîãóò èìåòü ñóùå-
ñòâåííûå ðàñõîæäåíèÿ â ïðîèçâîäíûõ, ÷òî ìîæåò ïîâëèÿòü
íà çíà÷åíèå ôóíêöèîíàëà. Êàê ïðàâèëî, íàõîæäåíèå ñëàáûõ
ýêñòðåìóìîâ ôóíêöèîíàëà ÿâëÿåòñÿ áîëåå ïðîñòîé çàäà÷åé ïî
ñðàâíåíèþ ñ íàõîæäåíèåì ñèëüíûõ ýêñòðåìóìîâ.

Çàìå÷àíèå 4 Èç èçëîæåííîãî âûøå ñëåäóåò, ÷òî íåîáõîäèìîå

óñëîâèå ñëàáîãî ýêñòðåìóìà ÿâëÿåòñÿ îäíîâðåìåííî íåîáõîäè-

ìûì óñëîâèåì ñèëüíîãî ýêñòðåìóìà, à ëþáîå äîñòàòî÷íîå óñëî-

âèå ñèëüíîãî ýêñòðåìóìà ÿâëÿåòñÿ îäíîâðåìåííî äîñòàòî÷íûì

óñëîâèåì è ñëàáîãî ýêñòðåìóìà.

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà 4 (íåîáõîäèìîå óñëîâèå ýêñòðåìóìà ôóíêöèîíàëà)

Åñëè ôóíêöèîíàë J [y] èìååò ñëàáûé ýêñòðåìóì âî âíóòðåííåé

òî÷êå y∗(x) ñâîåé îáëàñòè îïðåäåëåíèÿ, ïðè÷åì â ýòîé òî÷êå ñó-

ùåñòâóåò äèôôåðåíöèàë Ãàòî, òî ýòîò äèôôåðåíöèàë (ïåðâàÿ

âàðèàöèÿ) îáðàùàåòñÿ â íîëü â òî÷êå y∗(x)

δJ [y∗, δy] = 0. (1.11)

Ä î ê à ç à ò å ë ü ñ ò â î.
Ïóñòü, äëÿ îïðåäåëåííîñòè, ôóíêöèîíàë J [y] íà ôóíê-

öèè y∗(x) äîñòèãàåò ñëàáîãî ìèíèìóìà. Ðàññìîòðèì ôóíêöèþ
ϕ(α) = J [y∗ + αδy], ïðè ôèêñèðîâàííîé âàðèàöèè δy.
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Èç óñëîâèé òåîðåìû ñëåäóåò, ÷òî ôóíêöèÿ ϕ(α) èìååò ìè-
íèìóì ïðè α = 0. Äåéñòâèòåëüíî, ñóùåñòâóåò ε > 0 òàêîå,
÷òî â ñëàáîé ε-îêðåñòíîñòè òî÷êè y∗(x) ñïðàâåäëèâî íåðàâåí-
ñòâî J [y] ≥ J [y∗]. Åñëè y = y∗ + αδy, òî ïðè |α| < ε/∥δy∥C1

ôóíêöèÿ y(x) ïîïàäàåò â ñëàáóþ ε- îêðåñòíîñòü ôóíêöèè y∗(x).
Äåéñòâèòåëüíî ∥y− y∗∥C1 = ∥αδy∥C1 = |α|∥δy∥C1 < ε. À çíà÷èò,
J [y] ≥ J [y∗], èëè ϕ(α) ≥ ϕ(0).

Äîêàæåì, ÷òî èç ñóùåñòâîâàíèÿ äèôôåðåíöèàëà Ãàòî
ôóíêöèîíàëà J [y] â òî÷êå y∗(x) ñëåäóåò äèôôåðåíöèðóåìîñòü
ôóíêöèè ϕ(α) ïðè α = 0.

Âû÷èñëèì ïðîèçâîäíóþ ôóíêöèè ϕ(α) ïðè α = 0

ϕ′

α=0

= lim
α→0

J [y∗ + αδy]− J [y∗]

α
= δJ [y∗, δy].

Òàê êàê ϕ(α) èìååò ìèíèìóì â òî÷êå α = 0 è äèôôåðåíöè-
ðóåìà â ýòîé òî÷êå, òî, â ñèëó íåîáõîäèìîãî óñëîâèÿ ëîêàëüíîãî
ýêñòðåìóìà ôóíêöèè îäíîé ïåðåìåííîé, ϕ′(0) = 0, ÷òî ðàâíî-
ñèëüíî ñîîòíîøåíèþ δJ [y∗, δy] = 0. Òàê êàê âàðèàöèÿ δy âûáðà-
íà ïðîèçâîëüíî, îòñþäà ñëåäóåò, ÷òî äèôôåðåíöèàë Ãàòî ðàâåí
íóëþ â òî÷êå y∗.

Òåîðåìà 5 (íåîáõîäèìîå óñëîâèå ìèíèìóìà (ìàêñèìóìà)

ôóíêöèîíàëà) Åñëè ôóíêöèîíàë (1.5) â òî÷êå y∗(x) äâà-

æäû äèôôåðåíöèðóåì è èìååò ìèíèìóì(ìàêñèìóì), òî

δ2J [y∗, δy] ≥ 0 (δ2J [y∗, δy] ≤ 0) ïðè ëþáîì δy.

Ä î ê à ç à ò å ë ü ñ ò â î.
Åñëè ôóíêöèÿ y∗(x) ÿâëÿåòñÿ òî÷êîé ìèíèìóìà ôóíêöèîíà-

ëà J [y], òî, â ñîîòâåòñòâèè ñ íåîáõîäèìûì óñëîâèåì ýêñòðåìóìà,
δJ [y∗, δy] = 0. Ñëåäîâàòåëüíî∆J [y∗] = δ2J [y∗, δy]+o(∥δy∥2) ≥ 0.
Çàôèêñèðóåì δy è ðàññìîòðèì ïðèðàùåíèå ôóíêöèîíàëà, ñîîò-
âåòñòâóþùåå âàðèàöèè αδy, α > 0. Ñïðàâåäëèâî íåðàâåíñòâî

δ2J [y∗, αδy] + o(∥αδy∥2) = α2δ2J [y∗, δy] + o(α2∥δy∥2) ≥ 0
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èëè
δ2J [y∗, δy]

∥δy∥2
+
o(α2∥δy∥2)
∥αδy∥2

≥ 0.

Ïåðâîå ñëàãàåìîå íå çàâèñèò îò α, à âòîðîå ìîæåò áûòü ñäåëà-
íî ñêîëü óãîäíî ìàëûì çà ñ÷åò âûáîðà α. Îòñþäà ñëåäóåò, ÷òî
δ2J [y∗, δy]/∥δy∥2 ≥ 0, à çíà÷èò δ2J [y∗, δy] ≥ 0.

Òàê êàê δy ïðîèçâîëüíî, îòñþäà ñëåäóåò, ÷òî êâàäðàòè÷íûé
ôóíêöèîíàë δ2J [y∗, δy] íåîòðèöàòåëüíî îïðåäåëåí.

Çàìå÷àíèå 5 Íåîòðèöàòåëüíàÿ îïðåäåëåííîñòü âòîðîé âàðè-

àöèè ÿâëÿåòñÿ íåîáõîäèìûì, íî íå äîñòàòî÷íûì óñëîâèåì

ýêñòðåìóìà.

1.5 Îñíîâíûå ëåììû âàðèàöèîííîãî

èñ÷èñëåíèÿ

Ëåììà 1 (ëåììà Ëàãðàíæà)

Åñëè ôóíêöèÿ f(x) ∈ C[a, b] è äëÿ ëþáîé ôóíêöèè

η(x) ∈ C∞[a, b], òàêîé ÷òî η(a) = η(b) = 0, âûïîëíÿåòñÿ ðà-

âåíñòâî
b∫

a

f(x)η(x)dx = 0,

òî f(x) ≡ 0 íà ïðîìåæóòêå [a, b].

Ä î ê à ç à ò å ë ü ñ ò â î.
Áóäåì ïðîâîäèòü äîêàçàòåëüñòâî "îò ïðîòèâíîãî". Ïóñòü

íàéäåòñÿ òî÷êà x0 ∈ [a, b], â êîòîðîé f(x0) ̸= 0. Áåç îãðàíè÷åíèÿ
îáùíîñòè áóäåì ñ÷èòàòü, ÷òî f(x0) > 0. Â ñèëó íåïðåðûâíîñòè
ôóíêöèè f(x), ìîæíî íàéòè îêðåñòíîñòü (c, d) ⊂ [a, b] òî÷êè x0,
â êîòîðîé f(x) > 0.

Ðàññìîòðèì ôóíêöèþ

φ(x) =

{
e−1/x , x > 0;
0 , x ≤ 0.
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Íåòðóäíî ïðîâåðèòü, ÷òî ôóíêöèÿ φ(x) áåñêîíå÷íîå ÷èñëî ðàç
äèôôåðåíöèðóåìà â ëþáîé òî÷êå.

Ââåäåì â ðàññìîòðåíèå ôóíêöèþ η(x) = φ(x − c)φ(d − x).
Î÷åâèäíî, ÷òî ýòà ôóíêöèÿ η(x) áåñêîíå÷íîå ÷èñëî ðàç äèôôå-
ðåíöèðóåìà â ëþáîé òî÷êå è îòëè÷íà îò íóëÿ òîëüêî â èíòåðâàëå
(c, d). Ââèäó òîãî, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ íåïðåðûâíà è
ïîëîæèòåëüíà, èìååì

b∫
a

f(x)η(x)dx =

d∫
c

f(x)η(x)dx > 0,

÷òî ïðîòèâîðå÷èò óñëîâèþ ëåììû. Ñëåäîâàòåëüíî, ïðåäïîëîæå-
íèå íå âåðíî, è f(x) ≡ 0.

Çàìå÷àíèå 6 Äîêàçàííàÿ ëåììà ìîæåò áûòü îáîáùåíà íà ñëó-

÷àé ôóíêöèé íåñêîëüêèõ ïåðåìåííûõ. Íàïðèìåð, â äâóìåðíîì

ñëó÷àå, åñëè ôóíêöèÿ f(x1, x2) ∈ C1
D, ãäå D � îãðàíè÷åííàÿ îá-

ëàñòü â R2, è äëÿ ëþáîé ôóíêöèè η(x1, x2) ∈ C∞
D , íåïðåðûâíîé

íà D̄ = D ∪ ∂D è ðàâíîé íóëþ íà ãðàíèöå ∂D îáëàñòè D, âåðíî

ðàâåíñòâî ∫
D

∫
f(x1, x2)η(x1, x2)dx1dx2 = 0,

òî f(x1, x2) ≡ 0.

Äëÿ äîêàçàòåëüñòâà ýòîãî ôàêòà ìîæíî, íàïðèìåð, â êà÷å-

ñòâå ïðîáíîé ôóíêöèè âçÿòü ôóíêöèþ η(x1, x2) = φ(r2−x21−x22),
îáðàùàþùóþñÿ â íîëü âíå êðóãà ðàäèóñà r c öåíòðîì â íà÷àëå

êîîðäèíàò.

Ëåììà 2 (ëåììà Äþáóà-Ðåéìîíà)

Åñëè ôóíêöèè f(x), g(x) ∈ C[a, b] è äëÿ ëþáîé ôóíê-

öèè η(x) ∈ C∞[a, b], òàêîé ÷òî η(a) = η(b) = 0,
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âûïîëíÿåòñÿ ðàâåíñòâî

b∫
a

(f(x)η′(x) + g(x)η(x))dx = 0, (1.12)

òî ôóíêöèÿ f(x) ∈ C1[a, b] è

f ′(x)− g(x) ≡ 0 (1.13)

íà ïðîìåæóòêå [a, b].

Ä î ê à ç à ò å ë ü ñ ò â î.
Ìîæíî ïîêàçàòü, ÷òî ñóùåñòâóåò òàêàÿ ïåðâîîáðàçíàÿ G(x)

ôóíêöèè g(x), ÷òî

b∫
a

(f(x)−G(x))dx = 0. (1.14)

Äåéñòâèòåëüíî, åñëè G0(x)� íåêîòîðàÿ ôèêñèðîâàííàÿ ïåðâî-
îáðàçíàÿ ôóíêöèè g(x), òî ëþáóþ ïåðâîîáðàçíóþ G(x) ìîæíî
ïðåäñòàâèòü â âèäå G(x) = G0(x) + C. Ïîäñòàâëÿÿ ýòî âûðàæå-
íèå â ñîîòíîøåíèå (1.14), ïîëó÷èì

C =
1

b− a

b∫
a

(f(x)−G0(x))dx.

Òîãäà äëÿ ëþáîé ïðîáíîé ôóíêöèè η(x) ∈ C∞[a, b],
η(a) = η(b) = 0, èìååì

b∫
a

g(x)η(x)dx =

b∫
a

g(x)η(x)dx = G(x)η(x)
b

a
−

−
b∫

a

G(x)η′(x)dx = −
b∫

a

G(x)η′(x)dx.
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À çíà÷èò, ðàâåíñòâî (1.12) ðàâíîñèëüíî ðàâåíñòâó

b∫
a

(f(x)−G(x))η′(x)dx = 0. (1.15)

Ðàññìîòðèì ïðîèçâîëüíóþ ïðîáíóþ ôóíêöèþ η(x), óäîâëå-
òâîðÿþùóþ óñëîâèÿì ëåììû. Ïóñòü

Cη =
1

b− a

b∫
a

η(x))dx.

Ââåäåì â ðàññìîòðåíèå ôóíêöèþ

ζ(x) =

x∫
a

(η(s)− Cη)ds.

Î÷åâèäíî, ÷òî ζ(x) ∈ C∞[a, b], ζ(a) = ζ(b) = 0. Ïî óñëîâèþ
ëåììû, äëÿ òàêîé ôóíêöèè ñïðàâåäëèâî ñîîòíîøåíèå (1.12), à
çíà÷èò è (1.15), ò.å.

b∫
a

(f(x)−G(x))ζ ′(x)dx = 0.

Ââèäó òîãî, ÷òî ζ ′(x) = η(x)− Cη, èìååì

b∫
a

(f(x)−G(x))η(x)dx− Cη

b∫
a

(f(x)−G(x))dx = 0.

À çíà÷èò, â ñèëó (1.14)

b∫
a

(f(x)−G(x))η(x)dx = 0.
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Òàê êàê ïðîáíàÿ ôóíêöèÿ η(x) âûáèðàëàññü ïðîèçâîëüíûì îá-
ðàçîì, òî ïî ëåììå Ëàãðàíæà, ïîëó÷àåì f(x)−G(x) ≡ 0.

Ôóíêöèÿ G(x) äèôôåðåíöèðóåìà, è G′(x) = g(x), à çíà÷èò
f(x) äèôôåðåíöèðóåìà, è f ′(x) ≡ g(x). Òàê êàê g(x) íåïðåðûâ-
íà, òî f(x) íåïðåðûâíî äèôôåðåíöèðóåìà.

Äîêàçàííûå ëåììû îáåñïå÷èâàþò äîñòàòî÷íûå óñëîâèÿ èí-
òåãðàëüíîãî òèïà, îáåñïå÷èâàþùèå îáðàùåíèå çàäàííîé ôóíê-
öèè â íîëü. Îíè áóäóò èñïîëüçîâàòüñÿ ïðè ðåøåíèè âàðèàöè-
îííûõ çàäà÷. Ïîäîáíûå óòâåðæäåíèÿ ìîãóò áûòü äîêàçàíû äëÿ
äðóãèõ êëàññîâ ïðîáíûõ ôóíêöèé.
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Ãëàâà 2

Çàäà÷è ñ

ôèêñèðîâàííûìè êîíöàìè

2.1 Ïðîñòåéøàÿ çàäà÷à âàðèàöèîííîãî

èñ÷èñëåíèÿ

Ðàññìîòðèì çàäà÷ó îá ýêñòðåìóìå ôóíêöèîíàëà

J [y] =

b∫
a

f(x, y, y′)dx, (2.1)

îïðåäåëåííîãî íà ôóíêöèÿõ y(x) ∈ C1[a, b], óäîâëåòâîðÿþùèõ
óñëîâèÿì

y(a) = ya, y(b) = yb. (2.2)

Ïðåäïîëàãàåòñÿ, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ f(x, y, y′)
�äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ. Ïåðâàÿ
âàðèàöèÿ ôóíêöèîíàëà (2.1) â ñîîòâåòñòâèè ñ ôîðìóëîé (1.9)
èìååò âèä
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δJ [y, δy] =

b∫
a

(f ′y(x, y, y
′)δy + f ′y′(x, y, y

′)δy′)dx. (2.3)

Çäåñü δy ∈ C1[a, b] � äîïóñòèìàÿ âàðèàöèÿ, δy′ = (δy)′, ïðè-
÷åì, â ñèëó óñëîâèÿ (2.1), äîëæíû âûïîëíÿòüñÿ ñîîòíîøåíèÿ
δy(a) = δy(b) = 0. Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà 6 (íåîáõîäèìîå óñëîâèå ýêñòðåìóìà)

Äëÿ òîãî ÷òîáû ôóíêöèÿ y∗(x) äîñòàâëÿëà ñëàáûé ýêñòðå-

ìóì ôóíêöèîíàëó (2.1), íåîáõîäèìî, ÷òîáû îíà óäîâëåòâîðÿëà

óðàâíåíèþ Ýéëåðà
d

dx
f ′y′ − f ′y = 0. (2.4)

Ä î ê à ç à ò å ë ü ñ ò â î.
Èñïîëüçóÿ íåîáõîäèìîå óñëîâèå ýêñòðåìóìà ôóíêöèîíàëà

(òåîðåìà 4) ïîëó÷àåì óñëîâèå

δJ [y, δy] =

b∫
a

(f ′y(x, y, y
′)δy + f ′y′(x, y, y

′)δy′)dx = 0.

Ýòî óñëîâèå ñïðàâåäëèâî äëÿ ëþáîé äîïóñòèìîé âàðèàöèè.
Â ÷àñòíîñòè, îíî âåðíî äëÿ ëþáîé áåñêîíå÷íî äèôôåðåíöè-
ðóåìîé ôóíêöèè, óäîâëåòâîðÿþùåé íóëåâûì êðàåâûì óñëîâè-
ÿì. Òîãäà èç ëåììû Äþáóà-Ðåéìîíà ñëåäóåò, ÷òî äëÿ ëþáîãî
x ∈ [a, b] âûïîëíÿåòñÿ ñîîòíîøåíèå (2.4).

Â ñîîòâåòñòâèè ñ çàìå÷àíèåì 4, óðàâíåíèå (2.4) äàåò íåîá-
õîäèìîå óñëîâèå è äëÿ ñèëüíîãî ýêñòðåìóìà ôóíêöèîíàëà (2.1).

Ãëàäêèå ðåøåíèÿ óðàâíåíèÿ Ýéëåðà áóäåì íàçûâàþòñÿ ýêñ-
òðåìàëÿìè.

Òàê êàê óñëîâèå (2.4) ÿâëÿåòñÿ íåîáõîäèìûì, òî÷êè ýêñòðå-
ìóìà ôóíêöèîíàëà ñëåäóåò èñêàòü ñðåäè ýêñòðåìàëåé. Åñëè èç
ñìûñëà çàäà÷è âûòåêàåò, ÷òî çàäà÷à èìååò ðåøåíèå, à ôóíêöè-
îíàë èìååò åäèíñòâåííóþ ýêñòðåìàëü, óäîâëåòâîðÿþùóþ êðàå-
âûì óñëîâèÿì, òî ýòà ýêñòðåìàëü è áóäåò ðåøåíèåì çàäà÷è.
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Ïðåäïîëàãàÿ, ÷òî ôóíêöèÿ y(x) ÿâëÿåòñÿ äâàæäû äèôôå-
ðåíöèðóåìîé, ïðåîáðàçóåì ïåðåâîå ñëàãàåìîå â ïðàâîé ÷àñòè
óðàâíåíèÿ (2.4)

d

dx
f ′y′ = f ′′y′x + f ′′y′yy

′ + f ′′y′y′y
′′.

Òîãäà óðàâíåíèå Ýéëåðà (2.4) ìîæåò áûòü ïåðåïèñàíî â âèäå

f ′′y′x + f ′′y′yy
′ + f ′′y′y′y

′′ − f ′y = 0.

Åñëè âûïîëíåíî óñëîâèå f ′′y′y′ ̸= 0, òî óðàâíåíèå Ýéëåðà ïðåä-
ñòàâëÿåò ñîáîé îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå âòî-
ðîãî ïîðÿäêà. Åñëè æå f ′′y′y′ ≡ 0, òî óðàâíåíèå Ýéëåðà ÿâëÿåòñÿ
ëèáî äèôôåðåíöèàëüíûì óðàâíåíèåì ïåðâîãî ïîðÿäêà, ëèáî àë-
ãåáðàè÷åñêèì óðàâíåíèåì.

Óñëîâèå, ÷òî ôóíêöèÿ y(x) ÿâëÿåòñÿ äâàæäû äèôôåðåíöè-
ðóåìîé, îáåñïå÷èâàåòñÿ ñëåäóþùåé òåîðåìîé [1]:

Òåîðåìà 7 Ïóñòü y(x)� ðåøåíèå óðàâíåíèÿ (2.4). Åñëè ïîäûí-

òåãðàëüíàÿ ôóíêöèÿ f(x, y, y′) èìååò íåïðåðûâíûå ÷àñòíûå ïðî-

èçâîäíûå äî âòîðîãî ïîðÿäêà âêëþ÷èòåëüíî, òî âî âñåõ òî÷êàõ

ïëîñêîñòè xOy, â êîòîðûõ f ′′y′y′ ̸= 0, ôóíêöèÿ y(x) èìååò íåïðå-

ðûâíóþ âòîðóþ ïðîèçâîäíóþ.

2.2 ×àñòíûå ñëó÷àè

Óðàâíåíèå Ýéëåðà íå âñåãäà èíòåãðèðóåòñÿ â êâàäðàòóðàõ. Âû-
äåëèì õàðàêòåðíûå ÷àñòíûå ñëó÷àè, â êîòîðûõ óðàâíåíèå Ýéëå-
ðà èíòåãðèðóåòñÿ â êâàäðàòóðàõ.

2.2.1 Ïîäûíòåãðàëüíàÿ ôóíêöèÿ íå çàâèñèò îò y′

Â ýòîì ñëó÷àå f ′y′ ≡ 0 è óðàâíåíèå Ýéëåðà ïðèíèìàåò âèä
f ′y(x, y) = 0, ò. å. ÿâëÿåòñÿ àëãåáðàè÷åñêèì óðàâíåíèåì. Ðåøåíèÿ
ýòîãî óðàâíåíèÿ (ýêñòðåìàëè ôóíêöèîíàëà) ìîãóò è íå óäîâëå-
òâîðÿòü çàäàííûì êðàåâûì óñëîâèÿì.
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Ïðèìåð 11 Íàéäåì ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

1∫
0

(x sin y + cos y)dx,

óäîâëåòâîðÿþùèå êðàåâûì óñëîâèÿì y(0) = 0, y(1) = π/4.

Óðàâíåíèå Ýéëåðà â äàííîì ñëó÷àå èìååò âèä

x cos y − sin y = 0.

Îòñþäà y = arctgx. Ýòà ýêñòðåìàëü óäîâëåòâîðÿåò çàäàííûì

ãðàíè÷íûì óñëîâèÿì.

Ïðèìåð 12 Íàéäåì ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

e∫
1

(xey − yex)dx,

óäîâëåòâîðÿþùèå êðàåâûì óñëîâèÿì y(1) = 1, y(e) = 1.

Óðàâíåíèå Ýéëåðà â äàííîì ñëó÷àå èìååò âèä

xey − ex = 0.

Îòñþäà y = x − lnx. Ïîëó÷åííàÿ ýêñòðåìàëü íå óäîâëåòâîðÿåò

çàäàííûì ãðàíè÷íûì óñëîâèÿì.

2.2.2 Ïîäûíòåãðàëüíàÿ ôóíêöèÿ ëèíåéíî çàâèñèò

îò y′

Â äàííîì ñëó÷àå ïîäûíòåãðàëüíàÿ ôóíêöèÿ ìîæåò áûòü ïðåä-
ñòàâëåíà â âèäå

f(x, y, y′) = P (x, y) +Q(x, y)y′.
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Äëÿ òàêèõ ôóíêöèé f ′′y′y′ ≡ 0. Óðàâíåíèå Ýéëåðà ïðèíèìàåò âèä

dQ

dx
− P ′

y −Q′
yy

′ = 0.

Èñïîëüçóÿ ôîðìóëó äèôôåðåíöèðîâàíèÿ ñëîæíîé ôóíêöèè,
dQ
dx = Q′

x + Q′
yy

′, ìîæíî ïåðåïècàòü óðàâíåíèå Ýéëåðà â âè-
äå Q′

x − P ′
y = 0. Ýòî óðàâíåíèå ÿâëÿåòñÿ àëãåáðàè÷åñêèì. Åãî

ðåøåíèÿ, êàê è â ïðåäûäóùåì ñëó÷àå, ìîãóò íå óäîâëåòâîðÿòü
êðàåâûì óñëîâèÿì.

Çàìåòèì, ÷òî åñëè âûðàæåíèå Pdx +Qdy ïðåäñòàâëÿåò ñî-
áîé ïîëíûé äèôôåðåíöèàë íåêîòîðîé ôóíêöèè, òî óðàâíåíèå
Q′

x − P ′
y = 0 ÿâëÿåòñÿ òîæäåñòâîì îòíîñèòåëüíî x è y. Â äàí-

íîì ñëó÷àå ëþáàÿ ôóíêöèÿ y(x) ∈ C1[a, b] ÿâëÿåòñÿ ðåøåíèåì
óðàâíåíèÿ Q′

x − P ′
y = 0, è, ñëåäîâàòåëüíî, ýêñòðåìàëüþ.

Ïðèìåð 13 Íàéäåì ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

b∫
a

((xy′ + 1)ey + x2 − y2y′)dx,

óäîâëåòâîðÿþùèå êðàåâûì óñëîâèÿì y(a) = α, y(b) = β.

Â äàííîì ñëó÷àå P (x, y) = ey +x2, Q(x, y) = xey − y2 è âûïîë-
íÿåòñÿ òîæäåñòâî Q′

x ≡ P ′
y.

Ñëåäîâàòåëüíî, âûðàæåíèå (ey + x2)dx+ (xey − y2)dy ïðåä-

ñòàâëÿåò ñîáîé ïîëíûé äèôôåðåíöèàë. Ëþáàÿ ôóíêöèÿ y(x) ÿâ-

ëÿåòñÿ ýêñòðåìàëüþ. Íî äëÿ âñåõ ýêñòðåìàëåé, óäîâëåòâîðÿþ-

ùèõ çàäàííûì êðàåâûì óñëîâèÿì, çíà÷åíèÿ ôóíêöèîíàëà îäè-

íàêîâû

J [y] =

b∫
a

((xy′ + 1)ey + x2 − y2y′)dx =

=

(b;β)∫
(a;α)

(ey + x2)dx+ (xey − y2)dy =
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=

(b;β)∫
(a;α)

d(xey − y3/3 + x3/3) =

= beβ − aeα + (β3 − α3)/3 + (a3 − b3)/3.

2.2.3 Ïîäûíòåãðàëüíàÿ ôóíêöèÿ çàâèñèò

òîëüêî îò y′

Â äàííîì ñëó÷àå óðàâíåíèå Ýéëåðà ïðèíèìàåò âèä

d

dx
f ′y′ = 0.

Ýòî óðàâíåíèå äîïóñêàåò ïîíèæåíèå ïîðÿäêà f ′y′ = C. Îòíî-
ñèòåëüíî y′ èìååì àëãåáðàè÷åñêîå óðàâíåíèå. Âñå åãî ðåøåíèÿ
ìîãóò áûòü ïðåäñòàâëåíû â âèäå y′ = C1, ãäå C1 � ïðîèçâîëüíàÿ
ïîñòîÿííàÿ. Ñëåäîâàòåëüíî, âñå ýêñòðåìàëè ìîæíî ïðåäñòàâèòü
â âèäå y = C1x+ C2, ãäå C1, C2 � ïðîèçâîëüíûå ïîñòîÿííûå.

Ïðèìåð 14 Íàéäåì ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

1∫
0

(y′2 + y′ + 1)dx,

óäîâëåòâîðÿþùèå êðàåâûì óñëîâèÿì y(0) = 1, y(1) = 2.

Óðàâíåíèå Ýéëåðà â äàííîì ñëó÷àå èìååò âèä 2y′′ = 0.

Îòñþäà y = C1x + C2, ãäå C1, C2 � ïðîèçâîëüíûå ïîñòî-

ÿííûå. Íàéäåì çíà÷åíèÿ ïîñòîÿííûõ èç êðàåâûõ óñëîâèé

C2 = 1, C1 + C2 = 2, ò. å. C1 = C2 = 1. Òàêèì îáðàçîì èñ-

êîìàÿ ýêñòðåìàëü � ýòî ïðÿìàÿ y = x+ 1.

2.2.4 Ïîäûíòåãðàëüíàÿ ôóíêöèÿ íå çàâèñèò îò y

Â äàííîì ñëó÷àå óðàâíåíèå Ýéëåðà ïðèíèìàåò âèä

d

dx
f ′y′ = 0.
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Óðàâíåíèå äîïóñêàåò ïîíèæåíèå ïîðÿäêà f ′y′ = C. Ýòî äèô-
ôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà èëè àëãåáðàè÷åñêîå
óðàâíåíèå, êàê â ïðåäûäóùåì ñëó÷àå.

Ïðèìåð 15 Íàéäåì ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

e∫
1

(xy′2 − 2y′)dx,

óäîâëåòâîðÿþùèå êðàåâûì óñëîâèÿì y(1) = 1, y(e) = 2.

Óðàâíåíèå Ýéëåðà â äàííîì ñëó÷àå èìååò âèä

d

dx
(2xy′ − 2) = 0.

Îíî äîïóñêàåò ïîíèæåíèå ïîðÿäêà 2xy′−2 = C1, èëè y′ =
C1+2
2x .

Èíòåãðèðóÿ, ïîëó÷àåì y = 1
2(C1+2) lnx+C2. Íàéäåì çíà÷å-

íèÿ ïîñòîÿííûõ èç êðàåâûõ óñëîâèé C2 = 1, 1
2C1 +C2 +1 = 2,

ò. å. C1 = 0, C2 = 1. Òàêèì îáðàçîì èñêîìàÿ ýêñòðåìàëü � ýòî

êðèâàÿ y = lnx+ 1.

2.2.5 Ïîäûíòåãðàëüíàÿ ôóíêöèÿ íå çàâèñèò

ÿâíî îò x

Â äàííîì ñëó÷àå óðàâíåíèå Ýéëåðà ïðèíèìàåò âèä

f ′′y′yy
′ + f ′′y′y′y

′′ − f ′y = 0.

Åñëè óìíîæèòü îáå ÷àñòè óðàâíåíèÿ íà y′, åãî ìîæíî ïðåîáðà-
çîâàòü ê âèäó

d

dx
(y′f ′y′ − f) = 0.

Óðàâíåíèå Ýéëåðà äîïóñêàåò ïîíèæåíèå ïîðÿäêà

y′f ′y′ − f = C.
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Ïðèìåð 16 (Çàäà÷à î íàèìåíüøåé ïëîùàäè ïîâåðõíîñòè âðà-

ùåíèÿ)

Ñðåäè âñåõ ïëîñêèõ ãëàäêèõ êðèâûõ, ñîåäèíÿþùèõ òî÷êè

A(x0; y0) è B(x1; y1), íàéòè òó, êîòîðàÿ ïðè âðàùåíèè âîêðóã

îñè Ox îáðàçóþò ïîâåðõíîñòü íàèìåíüøåé ïëîùàäè.

Ïëîùàäü ïîâåðõíîñòè âðàùåíèÿ ÿâëÿåòñÿ ôóíêöèîíàëîì

J [y] = 2π

x1∫
x0

y
√
1 + y′2dx,

îïðåäåëåííûì íà ôóíêöèÿõ èç ïðîñòðàíñòâà C1[x0, x1], óäîâëå-

òâîðÿþùèõ êðàåâûì óñëîâèÿì y(x0) = y0, y(x1) = y1. Óðàâíå-

íèå Ýéëåðà â äàííîì ñëó÷àå äîïóñêàåò ïîíèæåíèå ïîðÿäêà

y
√

1 + y′2 − yy′2√
1 + y′2

= C1,

èëè y = C1

√
1 + y′2. Ðåøèì ýòî óðàâíåíèå ìåòîäîì ââåäåíèÿ

ïàðàìåòðà. Ââåäåì ïàðàìåòð p = y′. Òîãäà

dy = pdx, y = C1

√
1 + p2, dy = C1

pdp√
1 + p2

, dx = C1
dp√
1 + p2

.

Ñëåäîâàòåëüíî x = C1 ln |p+
√

1 + p2|+C2 = C1arsh(p)+C2.

Îòñþäà èìååì

p = sh(
x− C2

C1
), y = C1 ch(

x− C2

C1
).

Íàéäåì çíà÷åíèÿ ïîñòîÿííûõ èç êðàåâûõ óñëîâèé

C1 ch(
x0 − C2

C1
) = y0, C1 ch(

x1 − C2

C1
) = y1,

Òàêèì îáðàçîì èñêîìàÿ ýêñòðåìàëü � ýòî öåïíàÿ ëèíèÿ (ëèíèÿ,

ôîðìó êîòîðîé ïðèíèìàåò ãèáêàÿ îäíîðîäíàÿ íåðàñòÿæèìàÿ òÿ-

æ¼ëàÿ íèòü èëè öåïü ñ çàêðåïë¼ííûìè êîíöàìè â îäíîðîäíîì

ãðàâèòàöèîííîì ïîëå).
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Ïðèìåð 17 (Çàäà÷à î áðàõèñòîõðîíå)

Ñðåäè âñåõ ïëîñêèõ ãëàäêèõ êðèâûõ, ñîåäèíÿþùèõ òî÷êè

A(0, 0) è B(b, yb), íàéòè òó, ïî êîòîðîé ìàòåðèàëüíàÿ òî÷êà, äâè-

ãàÿñü ïîä äåéñòâèåì ñèëû òÿæåñòè èç òî÷êè A áåç íà÷àëüíîé

ñêîðîñòè, äîñòèãíåò òî÷êè B çà êðàò÷àéøåå âðåìÿ.

Ïðîâåäåì ÷åðåç òî÷êè A è B âåðòèêàëüíóþ ïëîñêîñòü è

âîçüìåì ïðîèçâîëüíóþ íåïðåðûâíî äèôôåðåíöèðóåìóþ ôóíê-

öèþ y(x), óäîâëåòâîðÿþùóþ êðàåâûì óñëîâèÿì y(0) = 0,

y(b) = yb.

Äëÿ ïðîèçâîëüíîé òî÷êè M(x, y) íà îñíîâàíèè çàêîíà ñî-

õðàíåíèÿ ýíåðãèè ïîëó÷èì mv2/2 − mgy = 0, ãäå m � ìàññà

òî÷êè, à v � åå ñêîðîñòü. Îòñþäà v =
√
2gy. Ñ äðóãîé ñòîðîíû

v = dl
dt =

√
1+y′2dx
dt , (dl �äèôôåðåíöèàë äëèíû äóãè). Îòñþäà

dt =

√
1 + y′2√
2gy

dx,

ò. å. ìèíèìèçèðóåìûé ôóíêöèîíàë èìååò âèä

J [y] =
1√
2g

b∫
0

√
1 + y′2
√
y

dx. (2.5)

Óðàâíåíèå Ýéëåðà â äàííîì ñëó÷àå äîïóñêàåò ïîíèæåíèå

ïîðÿäêà √
1 + y′2
√
y

− y′2√
y(1 + y′2)

= C,

èëè

y =
1

C2(1 + y′2)
.

Ðåøèì ýòî óðàâíåíèå ìåòîäîì ââåäåíèÿ ïàðàìåòðà. Ââåäåì ïà-

ðàìåòð y′ = ctg p
2 . Òîãäà

y = C1(1− cos p), C1 =
1

2C2
> 0,
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dx =
dy

y′
=
C1 sin pdp

ctg p
2

= 2C1 sin
2 p

2
dp =

= C1(1− cos p)dp.

Ñëåäîâàòåëüíî

x = C1(p− sin p) + C2.

Îòñþäà ïîëó÷àåì ïàðàìåòðè÷åñêîå óðàâíåíèå öèêëîèäû{
x = C1(p− sin p) + C2,

y = C1(1− cos p).
(2.6)

Òàê êàê x = 0 ïðè p = 0, ïîñòîÿííàÿ C2 = 0, à ïîñòîÿííàÿ

C1 îïðåäåëÿåòñÿ èç óñëîâèÿ, ÷òî êðèâàÿ ïðîõîäèò ÷åðåç òî÷êó

B(b, yb). {
b = C1(p− sin p),

yb = C1(1− cos p).

Ïîäåëèì ïåðâîå óðàâíåíèå íà âòîðîå

p− sin p

1− cos p
=

b

yb
= A > 0. (2.7)

Îòìåòèì, ÷òî äëÿ öèêëîèä ðàññìàòðèâàåìîãî ñåìåéñòâà, òî÷-

êè, ñîîòâåòñòâóþùèå çíà÷åíèÿì ïàðàìåòðà p = 2πn, ÿâëÿþòñÿ

òî÷êàìè âîçâðàòà. Íî ýêñòðåìàëè íå äîëæíû ñîäåðæàòü òî÷åê

âîçâðàòà. Ïîýòîìó ïàðàìåòð p äîëæåí ïðèíàäëåæàòü èíòåðâà-

ëó (0, 2π). Ìîæíî ïîêàçàòü, ÷òî íà ýòîì èíòåðâàëå ôóíêöèÿ

φ(p) = p−sin p
1−cos p íåîãðàíè÷åííî ìîíîòîííî âîçðàñòàåò. Ñëåäîâà-

òåëüíî, óðàâíåíèå (2.7) íà ýòîì èíòåðâàëå èìååò åäèíñòâåííîå

ðåøåíèå pb.Íàéäåííîå çíà÷åíèå ïàðàìåòðà ïîçâîëÿåò íàéòè çíà-

÷åíèå ïîñòîÿííîé C1 =
yb

1−cos pb
.

Òàêèì îáðàçîì ëèíèåé íàèñêîðåéøåãî ñêàòà ÿâëÿåòñÿ öèê-

ëîèäà (òðàåêòîðèÿ ôèêñèðîâàííîé òî÷êè ïðîèçâîäÿùåé îêðóæ-

íîñòè, êàòÿùåéñÿ áåç ñêîëüæåíèÿ ïî ïðÿìîé).
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2.3 Ôóíêöèîíàëû îò íåñêîëüêèõ ôóíêöèé

Ïóñòü ïîäûíòåãðàëüíàÿ ôóíêöèÿ çàâèñèò îò äâóõ ôóíêöèé
ïåðåìåííîé x, ò.å. ôóíêöèîíàë èìååò âèä

J [y1, y2] =

b∫
a

f(x, y1, y2, y
′
1, y

′
2)dx, (2.8)

ãäå f � äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ ïÿòè
ïåðåìåííûõ. Â êà÷åñòâå äîïóñòèìûõ ôóíêöèé áóäåì ðàññìàò-
ðèâàòü ïàðû ôóíêöèé y1(x), y2(x) ∈ C1[a, b], óäîâëåòâîðÿþùèå
êðàåâûì óñëîâèÿì

y1(a) = y11, y1(b) = y12, y2(a) = y21, y2(b) = y22. (2.9)

Äîïóñòèìûå âàðèàöèè δy1, δy2 äëÿ ôóíêöèé y1, y2 äîëæíû ïðè-
íàäëåæàòü êëàññó ôóíêöèé C1[a, b] è óäîâëåòâîðÿòü íóëåâûì
êðàåâûì óñëîâèÿì

δy1(a) = δy1(b) = δy2(a) = δy2(b) = 0,

òàê êàê äîïóñòèìûå ôóíêöèè y1(x), y2(x) èìåþò ôèêñèðîâàííûå
çíà÷åíèÿ íà êîíöàõ ïðîìåæóòêà [a, b].

Äëÿ ïðîèçâîëüíûõ äîïóñòèìûõ âàðèàöèé δy1, δy2
ðàññìîòðèì ôóíêöèþ

φ(α1, α2) = J [y1 + α1δy1, y2 + α2δy2].

Î÷åâèäíî, ÷òî åñëè ïàðà ôóíêöèé y1, y2 äîñòàâëÿåò ýêñ-
òðåìóì ôóíêöèîíàëó J [y1, y2], òî ôóíêöèÿ φ(α1, α2) èìååò ýêñ-
òðåìóì â òî÷êå (0, 0). Ñëåäîâàòåëüíî, äîëæíû âûïîëíÿòüñÿ
íåîáõîäèìûå óñëîâèÿ ýêñòðåìóìà

∂φ

∂α1


α1=α2=0

=
∂φ

∂α2


α1=α2=0

= 0.

Èñïîëüçóÿ ôîðìóëó äèôôåðåíöèðîâàíèÿ ïî ïàðàìåòðó,
ïîëó÷èì

∂φ

∂α1


α1=α2=0

=

b∫
a

(f ′y1δy1 + f ′y′1
δy′1)dx,
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∂φ

∂α2


α1=α2=0

=

b∫
a

(f ′y2δy2 + f ′y′2
δy′2)dx.

Ýòè ñîîòíîøåíèÿ âûïîëíÿþòñÿ äëÿ ïðîèçâîëüíûõ áåñ-
êîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé δy1, δy2, à çíà÷èò è
äëÿ ôóíêöèé ñ íóëåâûìè çíà÷åíèÿìè íà êîíöàõ ïðîìå-
æóòêà [a, b]. Èñïîëüçóÿ ëåììó Äþáóà-Ðåéìîíà, ïîëó÷àåì
íåîáõîäèìûå óñëîâèÿ ýêñòðåìóìà ôóíêöèîíàëà{

d
dxf

′
y′1

− f ′y1 = 0,
d
dxf

′
y′2

− f ′y2 = 0.
(2.10)

Èñïîëüçóÿ àíàëîãè÷íûå ðàññóæäåíèÿ ìîæíî ïîëó÷èòü
íåîáõîäèìûå óñëîâèÿ ýêñòðåìóìà â ñëó÷àå, êîãäà ïîäûíòåãðàëü-
íàÿ ôóíêöèÿ çàâèñèò îò n ôóíêöèé.

Òåîðåìà 8 Åñëè ôóíêöèîíàë

J [y1, . . . , yn] =

b∫
a

f(x, y1, . . . , yn, y
′
1, . . . , y

′
n)dx, (2.11)

ãäå f � äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ ïî

âñåì ïåðåìåííûì, äîñòèãàåò ýêñòðåìóìà íà ñèñòåìå ôóíêöèé

y1(x), . . . , yn(x) ∈ C1[a, b], òî ýòà ñèñòåìà ôóíêöèé ÿâëÿåòñÿ

ðåøåíèåì ñèñòåìû óðàâíåíèé

d

dx
f ′y′i

− f ′yi = 0, i = 1, n. (2.12)

Ãëàäêèå ðåøåíèÿ ñèñòåìû (2.12) áóäåì íàçûâàòü ýêñòðåìàëÿìè.

Ïðèìåð 18 Íàéäåì ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2] =

π∫
0

(y′21 − 2y21 + 2y1y2 − y′22 )dx,
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óäîâëåòâîðÿþùèå êðàåâûì óñëîâèÿì

y1(0) = y2(0) = 0, y1(π) = y2(π) = 1.

Ñèñòåìà óðàâíåíèé Ýéëåðà äëÿ äàííîãî ôóíêöèîíàëà èìååò
âèä {

y′′1 + 2y1 − y2 = 0,
y′′2 + y1 = 0.

Èñêëþ÷àÿ ïåðåìåííóþ y1, ïîëó÷èì ëèíåéíîå îäíîðîäíîå
äèôôåðåíöèàëüíîå óðàâíåíèå ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

y
(4)
2 + 2y′′2 + y2 = 0.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå λ4+2λ2+1 = 0 èìååò êîìïëåêñíî
ñîïðÿæåííóþ ïàðó êîðíåé λ = ±i êðàòíîñòè 2. Îáùåå ðåøåíèå
ïðåäñòàâèìî â ôîðìå

y2 = C1 cosx+ C2 sinx+ C3x cosx+ C4x sinx.

Òîãäà äëÿ ôóíêöèè y1 ïîëó÷àåì

y1 = (C1 − 2C4) cosx+ (C2 + 2C3) sinx+ C3x cosx+ C4x sinx.

Èç êðàåâûõ óñëîâèé èìååì C1 = C4 = 0, C3 = −1/π, ïîñòîÿííàÿ
C2 ïðîèçâîëüíà. Ñëåäîâàòåëüíî, èìååì ñåìåéñòâî ýêñòðåìàëåé

y1 = (C2 −
2

π
) sinx− 2

π
x cosx, y2 = C2 sinx− 1

π
x cosx.

Çàìåòèì, ÷òî, íàïðèìåð, äëÿ êðàåâûõ óñëîâèé

y1(0) = y2(0) = 0, y1(π) = 1, y2(π) = −1

çíà÷åíèÿ êîíñòàíò íàéòè íå óäàåòñÿ, à ñëåäîâàòåëüíî, ýêñòðåìà-
ëåé, óäîâëåòâîðÿþùèõ êðàåâûì óñëîâèÿì, íå ñóùåñòâóåò.
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2.4 Ôóíêöèîíàëû ñ ïðîèçâîäíûìè âûñøèõ

ïîðÿäêîâ

Ðàññìîòðèì ôóíêöèîíàë

J [y] =

b∫
a

f(x, y, y′, . . . , y(n))dx, (2.13)

ãäå f � n + 2 ðàçà íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ ïî
âñåì ïåðåìåííûì íà ìíîæåñòâå ôóíêöèé y(x) ∈ Cn[a, b], óäîâëå-
òâîðÿþùèõ êðàåâûì óñëîâèÿì{

y(a) = y10, y
′(a) = y11, . . . y

(n−1)(a) = y1,n−1,

y(b) = y20, y
′(b) = y21, . . . y

(n−1)(b) = y2,n−1,
(2.14)

Â äàííîì ñëó÷àå äîïóñòèìîé âàðèàöèåé áóäåò ëþáàÿ ôóíê-
öèÿ δy ∈ Cn[a, b], óäîâëåòâîðÿþùàÿ íóëåâûì êðàåâûì óñëîâèÿì{

δy(a) = δy′(a) = . . . = δy(n−1)(a) = 0,

δy(b) = δy′(b) = . . . = δy(n−1)(b) = 0.
(2.15)

Ïðåäïîëîæèì, ÷òî ôóíêöèÿ y(x) äîñòàâëÿåò ýêñòðåìóì
ôóíêöèîíàëó (2.13). Çàôèêñèðóåì ïðîèçâîëüíóþ äîïóñòèìóþ
âàðèàöèþ δy è ðàññìîòðèì ôóíêöèþ

ϕ(α) = J [y+αδy] =

b∫
a

f(x, y+αδy, y′+αδy′, . . . , y(n)+αδy(n))dx,

ãäå δy(k) = (δy)(k).
Ôóíêöèÿ ϕ(α) èìååò ýêñòðåìóì ïðè α = 0, äèôôåðåíöèðó-

åìà â ýòîé òî÷êå è, â ñèëó íåîáõîäèìîãî óñëîâèÿ ýêñòðåìóìà
ôóíêöèè îäíîé ïåðåìåííîé, ϕ′(0) = 0.

Âû÷èñëèì ϕ′(0). Èñïîëüçóÿ ôîðìóëó äèôôåðåíöèðîâàíèÿ
èíòåãðàëà ïî ïàðàìåòðó, èìååì

ϕ′(α) =
d

dα

b∫
a

f(x, y + αδy, y′ + αδy′, . . . , y(n) + αδy(n))dx,
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à çíà÷èò ñïðàâåäëèâî ðàâåíñòâî

ϕ′(0) =

b∫
a

(f ′yδy + f ′y′δy
′ + . . .+ f ′

y(n)δy
(n))dx, (2.16)

ãäå ÷àñòíûå ïðîèçâîäíûå ôóíêöèè f âû÷èñëåíû â òî÷êå
(x, y, y′, . . . , y(n)).

Åñëè y ∈ C2n[a, b], òî, èñïîëüçóÿ ôîðìóëó èíòåãðèðîâàíèÿ
ïî ÷àñòÿì è îäíîðîäíûå êðàåâûå óñëîâèÿ, èìååì

b∫
a

f ′y′δy
′dx = −

b∫
a

d

dx
(f ′y′)δydx,

b∫
a

f ′y′′δy
′′dx =

b∫
a

d2

dx2
(f ′y′′)δydx,

. . . . . . . . .
b∫

a

f ′
y(n)δy

(n)dx = (−1)(n)
b∫

a

dn

dxn
(f ′

y(n))δydx.

Òîãäà èç (2.16) ïîëó÷àåì

b∫
a

(f ′y −
d

dx
(f ′y′) + . . .+ (−1)(n)

dn

dxn
(f ′

y(n)))δydx = 0.

Òàê êàê ïîñëåäíåå ðàâåíñòâî, â ÷àñòíîñòè, ñïðàâåäëèâî äëÿ ëþ-
áîé áåñêîíå÷íî äèôôåðåíöèðóåìîé ôóíêöèè δy(x) ñ íóëåâûìè
êðàåâûìè óñëîâèÿìè, òî, èñïîëüçóÿ ëåììó Ëàãðàíæà, ïîëó÷àåì
íåîáõîäèìûå óñëîâèÿ ýêñòðåìóìà ôóíêöèîíàëà (2.13)

(−1)(n)
dn

dxn
f ′
y(n) + (−1)(n−1) d

n−1

dxn−1
f ′
y(n−1) + . . .+

+(−1)
d

dx
f ′y′ + f ′y = 0. (2.17)

Óðàâíåíèå (2.17) íàçûâàþò óðàâíåíèåì Ýéëåðà-Ïóàññîíà, à
åãî ãëàäêèå ðåøåíèÿ � ýêñòðåìàëÿìè.

Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå:
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Òåîðåìà 9 Åñëè ôóíêöèîíàë (2.13), îïðåäåëåííûé íà ìíîæå-

ñòâå ôóíêöèé èç ïðîñòðàíñòâà Cn[a, b], óäîâëåòâîðÿþùèõ êðàå-

âûì óñëîâèÿì (2.14), äîñòèãàåò ýêñòðåìóìà íà íåêîòîðîé ôóíê-

öèè y(x) ∈ C2n[a, b], òî ýòà ôóíêöèÿ ÿâëÿåòñÿ ýêñòðåìàëüþ

ôóíêöèîíàëà.

Ïðèìåð 19 Íàéäåì ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

π∫
0

(16y2 − y′′2 + x2)dx,

óäîâëåòâîðÿþùèå êðàåâûì óñëîâèÿì

y(0) = y(π) = 0, y′(0) = y′(π) = 1.

Óðàâíåíèå Ýéëåðà-Ïóàññîíà â äàííîì ñëó÷àå èìååò âèä

32y + (−1)2
d2

dx2
(−2y′′) = 0,

èëè y(4) − 16y = 0.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå λ4 − 16 = 0 èìååò êîðíè

λ1,2 = ±2, λ3,4 = ±2i. Îáùåå ðåøåíèå ïðåäñòàâèìî â ôîðìå

y1 = C1e
2x + C2e

−2x + C3 cos 2x+ C4 sin 2x. Èç êðàåâûõ óñëîâèé

ïîëó÷àåì C1 = C2 = C3 = 0, C4 = 1/2. Ñëåäîâàòåëüíî, èñêîìàÿ

ýêñòðåìàëü èìååò âèä y = 1
2 sin 2x.

2.5 Ôóíêöèîíàëû îò ôóíêöèé íåñêîëüêèõ

ïåðåìåííûõ

Ðàññìîòðèì ôóíêöèîíàë

J [z] =

∫
D

∫
f(x, y, z, z′x, z

′
y)dxdy. (2.18)
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Çäåñü z : G → R � íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ,
G � íåêîòîðàÿ îáëàñòü âR2, D� íåêîòîðàÿ îáëàñòü, óäîâëåòâîðÿ-
þøàÿ óñëîâèþ D∪∂D ⊂ G, f � äâàæäû íåïðåðûâíî äèôôåðåí-
öèðóåìàÿ ôóíêöèÿ. Â êà÷åñòâå ìíîæåñòâà äîïóñòèìûõ ôóíêöèé
áóäåì ðàññìàòðèâàòü ôóíêöèè, óäîâëåòâîðÿþùèå óñëîâèþ

z(x, y)

∂D

= φ(x, y), (2.19)

ãäå φ(x, y)� çàäàííàÿ ôóíêöèÿ.
Äîïóñòèìûìè âàðèàöèÿìè áóäóò ôóíêöèè δz(x, y) ∈ C1(G),

îáðàùàþøèåñÿ â íîëü íà ãðàíèöå ∂D îáëàñòè D.
Íåîáõîäèìîå óñëîâèå ýêñòðåìóìà ìîæíî çàïèñàòü â ôîðìå

δJ [z, δz] = 0. (2.20)

Ïåðâàÿ âàðèàöèÿ ôóíêöèîíàëà èìååò âèä

δJ [z, δz] =
∂

∂α
J [z + αδz]


α=0

=

=

∫
D

∫
(f ′zδz + f ′pδp+ f ′qδq)dxdy,

ãäå p = z′x, q = z′y, δp = (δz)′x, δq = (δz)′y.
Ó÷èòûâàÿ, ÷òî

∂

∂x
(f ′pδz) =

∂f ′p
∂x

δz + f ′pδp,

∂

∂y
(f ′qδz) =

∂f ′q
∂y

δz + f ′qδq,

ïîëó÷àåì ∫
D

∫
(f ′pδp+ f ′qδq)dxdy =

=

∫
D

∫
(
∂

∂x
(f ′pδz) +

∂

∂y
(f ′qδz))dxdy −

−
∫
D

∫
(
∂f ′p
∂x

+
∂f ′q
∂y

)δzdxdy.
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Ïðåîáðàçóåì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè ïîñëåäíåãî
ðàâåíñòâà ñ èñïîëüçîâàíèåì ôîðìóëû Ãðèíà∫

∂D

(Pdx+Qdy) =

∫
D

∫
(
∂Q

∂x
− ∂P

∂y
)dxdy.

Èñïîëüçóÿ òîò ôàêò, ÷òî δz = 0 íà ãðàíèöå îáëàñòè D, ïîëó÷àåì∫
D

∫
(
∂

∂x
(f ′pδz) +

∂

∂y
(f ′qδz))dxdy =

∫
∂D

δz(f ′pdy − f ′qdx) = 0.

Ñëåäîâàòåëüíî∫
D

∫
(f ′pδp+ f ′qδq)dxdy = −

∫
D

∫
(
∂f ′p
∂x

+
∂f ′q
∂y

)δzdxdy,

è íåîáõîäèìîå óñëîâèå ýêñòðåìóìà ïðèíèìàåò âèä∫
D

∫
(f ′z −

∂f ′p
∂x

−
∂f ′q
∂y

)δzdxdy = 0.

Òàê êàê ïåðâûé ñîìíîæèòåëü â ïîäûíòåãðàëüíîé ôóíêöèè
íåïðåðûâåí, à âàðèàöèÿ δz ïðîèçâîëüíà, òî â ñèëó îáîáùåíèÿ
ëåììû Ëàãðàíæà, ôóíêöèÿ z(x, y) ÿâëÿåòñÿ ðåøåíèåì äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ

∂f ′p
∂x

+
∂f ′q
∂y

− f ′z = 0. (2.21)

Ýòî óðàâíåíèå íàçûâàåòñÿ óðàâíåíèåì Îñòðîãðàäñêîãî, à ãëàä-
êèå ðåøåíèÿ ýòîãî óðàâíåíèÿ � ýêñòðåìàëÿìè ôóíêöèîíàëà.

Ïðèìåð 20 Âûïèøåì óðàâíåíèå Îñòðîãðàäñêîãî äëÿ ôóíêöè-

îíàëà Äèðèõëå

J [z] =

∫
D

∫
((z′x)

2 + (z′y)
2)dxdy.
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Â äàííîì ñëó÷àå

f = (z′x)
2 + (z′y)

2, f ′p = 2p = 2z′x, f ′q = 2q = 2z′y, f ′z = 0.

Óðàâíåíèå Îñòðîãðàäñêîãî â äàííîì ñëó÷àå èìååò âèä

∂2z

∂x2
+
∂2z

∂y2
= 0.

Ýòî èçâåñòíîå óðàâíåíèå Ëàïëàñà è åãî ðåøåíèÿìè ÿâëÿþòñÿ

ãàðìîíè÷åñêèå â îáëàñòè D ôóíêöèè.

2.6 Î äîñòàòî÷íûõ óñëîâèÿ ýêñòðåìóìà

Â ïðåäûäóùèõ ðàçäåëàõ áûëî ïîêàçàíî, ÷òî íåîáõîäèìûì óñëî-
âèåì ýêñòðåìóìà ôóíêöèîíàëà ÿâëÿåòñÿ ðàâåíñòâî íóëþ ïåðâîé
âàðèàöèè ôóíêöèîíàëà.

Åñëè îáðàòèòüñÿ ê òåîðèè ôóíêöèé íåñêîëüêèõ ïåðåìåííûõ,
òî äîñòàòî÷íûå óñëîâèÿ ýêñòðåìóìà ñâÿçàíû ñ ïîâåäåíèåì âòî-
ðîãî äèôôåðåíöèàëà. Â âàðèàöèîííîì èñ÷èñëåíèè äîñòàòî÷íûå
óñëîâèÿ ñâÿçàíû ñ ïîâåäåíèåì âòîðîé âàðèàöèè.

Ñïðàâåäëèâû ñëåäóþùèå òåîðåìû, îáåñïå÷èâàþùèå äîñòà-
òî÷íûå óñëîâèÿ ýêñòðåìóìà ôóíêöèîíàëà [1]:

Òåîðåìà 10 Åñëè ó äâàæäû äèôôåðåíöèðóåìîãî ôóíêöèîíàëà

J [y], îïðåäåëåííîãî íà ëèíåéíîì íîðìèðîâàííîì ïðîñòðàíñòâå,

ïåðâàÿ âàðèàöèÿ â òî÷êå y∗ ðàâíà íóëþ, à âòîðàÿ ïðåäñòàâëÿ-

åò ñîáîé ñèëüíî ïîëîæèòåëüíûé êâàäðàòè÷íûé ôóíêöèîíàë, òî

ôóíêöèîíàë J [y] èìååò â òî÷êå y∗ ìèíèìóì.

Òåîðåìà 11 Åñëè ôóíêöèîíàë J [y] â ïðîñòåéøåé çàäà÷å âàðè-

àöèîííîãî èñ÷èñëåíèÿ (2.1), (2.2) äîñòèãàåò íà ôóíêöèè y∗(x)

ìèíèìóìà, òî âûïîëíÿåòñÿ óñëîâèå Ëåæàíäðà

f ′′y′y′(x, y
∗(x), (y∗(x))′) ≥ 0.
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Ïîñëå îòûñêàíèÿ ôóíêöèé, óäîâëåòâîðÿþùèõ íåîáõîäèìûì
óñëîâèÿì ýêñòðåìóìà, äàëüíåéøåå èññëåäîâàíèå ôóíêöèîíàëîâ
ñâÿçàíî ñ àíàëèçîì èõ âòîðîé âàðèàöèè (1.10)

δ2J [y, δy] =

b∫
a

(Q(δy)2 + P (δy′)2)dx, (2.22)

Q =
1

2
(f ′′yy −

d

dx
f ′′yy′), P =

1

2
f ′′y′y′ .

Óðàâíåíèå Ýéëåðà

d

dx
(Pδy′)−Qδy = 0 (2.23)

êâàäðàòè÷íîãî ôóíêöèîíàëà δ2J [y, δy] íàçûâàþò óðàâíåíèåì
ßêîáè èñõîäíîãî ôóíêöèîíàëà J [y] çàäà÷è (2.1), (2.2).

Ðàññìîòðèì êðàåâóþ çàäà÷ó

d

dx
(Ph′)−Qh = 0, h(a) = h(b) = 0. (2.24)

Ýòà çàäà÷à èìååò òðèâèàëüíîå ðåøåíèå h(x) ≡ 0, íî ìîãóò
ñóùåñòâîâàòü è íåòðèâèàëüíûå ðåøåíèÿ. Ðàññìîòðèì íåíóëåâîå
ðåøåíèå h(x) êðàåâîé çàäà÷è (2.24). Åñëè òî÷êà x̃ ∈ (a, b] òàêîâà,
÷òî h(x̃) = 0, à h(x) ̸= 0, ïðè a < x < x̃, òî òî÷êà x̃ íàçûâàåòñÿ
ñîïðÿæåííîé òî÷êå a. Òî÷êè a è b ñîïðÿæåííûå, åñëè êðàåâàÿ
çàäà÷à (2.24) èìååò ðåøåíèå, íå îáðàùàþùååñÿ â íîëü íà (a, b).
Îòñóòñòâèå íà ïîëóèíòåðâàëå (a, b] òî÷åê, ñîïðÿæåííûõ a, îçíà-
÷àåò, ÷òî çàäà÷à (2.24) íå èìååò íåíóëåâûõ ðåøåíèé.

Òî÷êà x̃ ∈ (a, b) íàçûâàåòñÿ ñîïðÿæåííîé òî÷êå a â ñìûñ-
ëå ôóíêöèîíàëà J [y], åñëè ýòà òî÷êà ÿâëÿåòñÿ ñîïðÿæåííîé â
ñìûñëå êâàäðàòè÷íîãî ôóíêöèîíàëà δ2J [y, δy].

Òåîðåìà 12 (äîñòàòî÷íûå óñëîâèÿ ñëàáîãî ìèíèìóìà)

Ôóíêöèÿ y∗(x) ∈ C1[a, b] äîñòàâëÿåò ñëàáûé ìèíèìóì ôóíê-

öèîíàëó J [y] â ïðîñòåéøåé çàäà÷å âàðèàöèîííîãî èñ÷èñëåíèÿ

(2.1), (2.2), åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

50



1. Ôóíêöèÿ y∗(x) ÿâëÿåòñÿ ýêñòðåìàëüþ ôóíêöèîíàëà J [y],

óäîâëåòâîðÿþùåé êðàåâûì óñëîâèÿì (2.2);

2. Äëÿ ýòîé ôóíêöèè âûïîëíÿåòñÿ óñèëåííîå óñëîâèå Ëå-

æàíäðà

P (x) =
1

2
f ′′y′y′(x, y

∗(x), (y∗(x))′) ≥ 0, x ∈ (a, b);

3. Íà èíòåðâàëå (a, b) íåò òî÷åê, ñîïðÿæåííûõ òî÷êå a â

ñìûñëå ôóíêöèîíàëà J [y] (óñèëåííîå óñëîâèå ßêîáè).

Îäíèì èç òèïîâ äîñòàòî÷íûõ óñëîâèé ýêñòðåìóìà ÿâëÿþòñÿ
äîñòàòî÷íûå óñëîâèÿ Ëåæàíäðà:

Åñëè íà ýêñòðåìàëè y∗(x) âûïîëíåíî óñëîâèå
f ′′y′y′(x, y

∗(x), (y∗(x))′) > 0 (f ′′y′y′(x, y
∗(x), (y∗(x))′) < 0), òî

ôóíêöèîíàë J [y] äîñòèãàåò íà y∗(x) ñëàáûé ìèíèìóì (ñëàáûé
ìàêñèìóì).

Åñëè f ′′y′y′(x, y, y
′) ≥ 0 (f ′′y′y′(x, y, y

′) ≤ 0) â òî÷êàõ (x, y),
áëèçêèõ ê ýêñòðåìàëè y∗(x) è äëÿ ïðîèçâîëüíûõ çíà÷åíèé
y′, òî ôóíêöèîíàë J [y] äîñòèãàåò íà y∗(x) ñèëüíûé ìèíèìóì
(ñèëüíûé ìàêñèìóì).

Ïðèìåð 21 Èññäåäóåì íà ýêñòðåìóì ôóíêöèîíàë (2.5 ) èç èç-

âåñòíîé çàäà÷è î áðàõèñòîõðîíå ( ïðèìåð 17)

J [y] =
1√
2g

x1∫
0

√
1 + y′2
√
y

dx, (2.25)

Åãî ýêñòðåìàëÿìè ÿâëÿþòñÿ öèêëîèäû (2.6){
x = C1(p− sin p) + C2,

y = C1(1− cos p).
(2.26)
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Ïðè÷åì, êàêîâû áû íè áûëè çíà÷åíèÿ b, yb, ÷åðåç òî÷êó

(b, yb) ïðîõîäèò åäèíñòâåííàÿ ýêñòðåìàëü. Ýòî çíà÷èò, ÷òî â îá-

ëàñòè D = {(x, y) : x > 0, y > 0} çàäàíî ïîëå ýêñòðåìàëåé, à

ëþáàÿ ýêñòðåìàëü óêàçàííîãî ñåìåéñòâà âêëþ÷åíà â ýòî ïîëå.

Ïðîâåðèì óñèëåííîå óñëîâèå Ëåæàíäðà:

f ′y′ =
y′

√
2gy

√
1 + y′2

, f ′′y′y′ =
1

√
2gy

√
(1 + y′2)3

> 0.

Òàêèì îáðàçîì, åäèíñòâåííàÿ öèêëîèäà, êîòîðàÿ óäîâëå-

òâîðÿåò ïîñòàâëåííûì êðàåâûì óñëîâèÿì, äîñòàâëÿåò ñèëüíûé

ìèíèìóì ðàññìàòðèâàåìîìó ôóíêöèîíàëó.

2.7 Çàäà÷è

1. Â çàäà÷àõ ìèíèìèçàöèè ôóíêöèîíàëà íàéòè ýêñòðåìàëè,
óäîâëåòâîðÿþùèå çàäàííûì êðàåâûì óñëîâèÿì:

1.1. J [y] =
e∫
1

(xy′2 − y)dx→ extr; y(1) = 1, y(e) = 2.

1.2. J [y] =
π/2∫
1

(y′2 + y2)dx→ extr; y(0) = 0, y(π/2) = 1.

1.3. J [y] =
π/2∫
0

(y′2 − y2 + 2y sinx)dx→ extr;

y(0) = 0, y(π/2) = 1.

1.4.J [y] =
π/2∫
0

(y′2 − y2 + 2ya cosx)dx→ extr;

y(0) = 0, y(π/2) = 1.

1.5. J [y] =
π/2∫
0

(y′2 − y2 + 2y + 2y sin2 x
2 )dx→ extr;

y(0) = 0, y(π/2) = 1.

1.6. J [y] =
1∫
0

(y′2 + y2)dx→ extr; y(0) = 0, y(1) = 1.
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1.7. J [y] =

√
2∫

0

(y′2 + 2y2 + 8yx2ex
2
)dx→ extr;

y(0) = 0, y(
√
2) = 1.

1.8. J [y] =
1∫
0

(y′2 + 4y2 + 16yx2)dx→ extr;

y(0) = 0, y(1) = −4.

1.9. J [y] =
π/2∫
0

(y′2 − y2 + 2xy + 4yex)dx→ extr;

y(0) = 0, y(π/2) = eπ/2.

1.10.J [y] =
π/2∫
0

(y′2 − y2 + 2xy + 4yex)dx→ extr;

y(0) = 0, y(π/2) = eπ/2.

1.11.J [y] =
2∫
0

(4y′2 + 2x3y − 48xy + y2)dx→ extr;

y(0) = 0, y(2) = 0.

1.12.J [y] =
π/3∫
0

(y′2 − y2 + 2y
cos3 x

)dx→ extr;

y(0) = 1/2, y(π/3) = 0.

1.13.J [y] =
2∫
1

(y′2 + 2y2/x2)dx→ extr; y(1) = 1, y(2) = 2.

1.14.J [y] =
π/4∫
0

(y′2 − 4y2 + 2ye−2x)dx→ extr;

y(0) = 0, y(π/4) = 1
8e

−π/2.

1.15.J [y] =
π/2∫
0

(y′2 − y2 − xy)dx→ extr;

y(0) = 0, y(π/2) = 0.

1.16.J [y] =
π/2∫
0

(y′2 − y2 + 2y + 2y sin2 x
2 )dx→ extr;

y(0) = 0, y(π/2) = 1.
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2. Â çàäà÷àõ ìèíèìèçàöèè ôóíêöèîíàëà íàéòè ýêñòðåìàëè,
óäîâëåòâîðÿþùèå çàäàííûì êðàåâûì óñëîâèÿì:

2.1. J [y] =
1∫
0

(y′21 + y′22 − 2y1y2)dx→ extr;

y1(0) = y2(0) = 0, y1(1) = sh1, y2(1) = −sh1.

2.2. J [y] =
1∫
0

(y′21 + y′22 + 2y′1y
′
2)dx→ extr;

y1(0) = y2(0) = 0, y1(1) = y2(1) = sh1.

2.3. J [y] =
1∫
0

(y′1y
′
2 + y1y2)dx→ extr;

y1(0) = y2(0) = 1, y1(1) = e, y2(1) = 1/e

2.4. J [y] =
π/2∫
0

(y′1y
′
2 − y1y2)dx→ extr;

y1(0) = y2(0) = 0, y1(π/2) = 1, y2(π/2) = −1.

2.5. J [y] =
1∫
0

(y′1y
′
2 + 6xy1 + 12x2y2)dx→ extr;

y1(0) = y2(0) = 0, y1(1) = y2(1) = 1.

2.6. J [y] =
π/2∫
0

(y′21 + y′22 + 2y1y2)dx→ extr;

y1(0) = y2(0) = 0, y1(π/2) = 1, y2(π/2) = −1.

2.7. J [y] =
1∫
0

(y21 + y22 + 2y′1y
′
2)dx→ extr;

y1(0) = y2(0) = 0, y1(1) = y2(1) = sh1.

3. Â çàäà÷àõ ìèíèìèçàöèè ôóíêöèîíàëà íàéòè ýêñòðåìàëè,
óäîâëåòâîðÿþùèå çàäàííûì êðàåâûì óñëîâèÿì:

3.1. J [y] =
1∫
0

(y′′2 + y′2)dx→ extr;

y(0) = 0, y′(0) = 1, y(1) = sh1, y′(1) = ch1.

3.2. J [y] =
e∫
1

(xy′′2)dx→ extr;

y(1) = 0, y′(1) = 1, y(e) = e, y′(e) = 2.

3.3. J [y] =
π∫
1

(y′′2 − y2)dx→ extr;

y(0) = y(π) = 0, y′(0) = 1, y′(π) = −1.
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3.4.J [y] =
1∫
0

(24xy − y′′2)dx→ extr;

y(0) = y(1) = y′(0) = 0, y′(1) = −0, 1.

3.5. J [y] =
1∫
0

(y′′2 + y′2)dx→ extr;

y(0) = 1, y(1) = ch1, y′(0) = 0, y′(1) = sh1.

3.6. J [y] =
π/2∫
0

(y′′′2 − y′′2)dx→ extr;

y(0) = y′(0) = y′′(π/2) = 0,
y(π/2) = y′′(0) = y′(π/2) = 1.

55



Ãëàâà 3

Çàäà÷è ñ ïîäâèæíûìè

ãðàíèöàìè

3.1 Çàäà÷è ñ ïîäâèæíûìè êîíöàìè

Ðàññìîòðèì çàäà÷ó îá ýêñòðåìóìå ôóíêöèîíàëà

J [y] =

b∫
a

f(x, y, y′)dx, (3.1)

îïðåäåëåííîãî íà ôóíêöèÿõ y(x) ∈ C1[a, b]. Ïðåäïîëàãàåòñÿ, ÷òî
ïîäûíòåãðàëüíàÿ ôóíêöèÿ f � äâàæäû íåïðåðûâíî äèôôåðåí-
öèðóåìàÿ ôóíêöèÿ òðåõ ïåðåìåííûõ. Ýòà çàäà÷à îòëè÷àåòñÿ îò
ðàññìîòðåííûõ â ïðåäûäóùåé ãëàâå òåì, ÷òî íà äîïóñòèìûå
ôóíêöèè íå íàëîæåíû îãðàíè÷åíèÿ íà êîíöàõ ïðîìåæóòêà. Ãåî-
ìåòðè÷åñêèé ñìûñë çàäà÷è ñîñòîèò â òîì, ÷òî èç âñåõ êðèâûõ,
ÿâëÿþùèõñÿ ãðàôèêàìè ôóíêöèé, êîíöû êîòîðûõ ðàñïîëîæåíû
íà âåðòèêàëüíûõ ïðÿìûõ x = a, x = b, íåîáõîäèìî âûáðàòü òó,
íà êîòîðîé äîñòèãàåòñÿ ýêñòðåìóì ôóíêöèîíàëà.

Ïåðâàÿ âàðèàöèÿ ôóíêöèîíàëà (3.1) ìîæåò áûòü âûïèñàíà
â ñîîòâåòñòâèè ñ ôîðìóëîé (1.9)
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δJ [y, δy] =

b∫
a

(f ′y(x, y, y
′)δy + f ′y′(x, y, y

′)δy′)dx. (3.2)

Äîïóñòèìîé âàðèàöèåé â ðàññìàòðèâàåìîé çàäà÷å ÿâëÿåòñÿ ïðî-
èçâîëüíàÿ ôóíêöèÿ δy(x) ∈ C1[a, b], δy′ = (δy)′.

Åñëè ôóíêöèÿ y(x) äîñòàâëÿåò ýêñòðåìóì ôóíêöèîíàëó
J [y], òî, â ñîîòâåòñòâèè ñ íåîáõîäèìûì óñëîâèåì ýêñòðåìóìà
ôóíêöèîíàëà (òåîðåìà 4), ïåðâàÿ âàðèàöèÿ ôóíêöèîíàëà ðàâíà
íóëþ äëÿ ëþáîé äîïóñòèìîé âàðèàöèè. Â ÷àñòíîñòè, îíà ðàâ-
íà íóëþ äëÿ ëþáîé ôóíêöèè δy(x) ∈ C∞[a, b], îáðàùàþùåéñÿ
â íîëü íà êîíöàõ ïðîìåæóòêà. Òîãäà, â ñèëó ëåììû Äþáóà-
Ðåéìîíà, ôóíêöèÿ y(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Ýéëåðà

d

dx
f ′y′ − f ′y = 0. (3.3)

Óñëîâèå ðàâåíñòâà íóëþ ïåðâîé âàðèàöèè ïîçâîëÿåò ïîëó-
÷èòü äîïîëíèòåëüíîå íåîáõîäèìîå óñëîâèå ýêñòðåìóìà ôóíêöè-
îíàëà.

Åñëè f ′′y′y′ ̸= 0, ò.å. ôóíêöèîíàë J [y] ÿâëÿåòñÿ íåâûðîæäåí-
íûì, òî, â ñîîòâåòñòâèè ñ òåîðåìîé 7, ýêñòðåìàëü ÿâëÿåòñÿ äâà-
æäû íåïðåðûâíî äèôôåðåíöèðóåìîé ôóíêöèåé. Òîãäà, èñïîëü-
çóÿ ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì, èìååì

δJ [y, δy] =

b∫
a

(f ′y −
d

dx
f ′y′)δydx+ f ′y′δy

b

a
=

=

b∫
a

(f ′y −
d

dx
f ′y′)δydx+ f ′y′


x=b

δy(b)− f ′y′

x=a

δy(a).(3.4)

Èíòåãðàë â ïðàâîé ÷àñòè (3.4 ) îáðàùàåòñÿ â íîëü,
ñëåäîâàòåëüíî, åñëè ôóíêöèÿ y(x) äîñòàâëÿåò ýêñòðåìóì
ôóíêöèîíàëó J [y], òî îäíîâðåìåííî ñ (3.3 ) äîëæíî âûïîëíÿòüñÿ
óñëîâèå

f ′y′

x=b

δy(b)− f ′y′

x=a

δy(a) = 0. (3.5)

57



Ââèäó òîãî, ÷òî âàðèàöèè δy(a), δy(b) ìîãóò áûòü ïðîèç-
âîëüíûìè, ðàâåíñòâî (3.5 ) ýêâèâàëåíòíî äâóì ðàâåíñòâàì

f ′y′

x=b

= 0, f ′y′

x=a

= 0. (3.6)

Óñëîâèÿ (3.6 ) íàçûâàþòñÿ åñòåñòâåííûìè êðàåâûìè óñëîâè-
ÿìè. Òàêèì îáðàçîì, íåîáõîäèìûå óñëîâèÿ â çàäà÷å ñ ïîäâèæíû-
ìè êîíöàìè ñîñòîÿò èõ óðàâíåíèÿ Ýéëåðà (3.3 ) è åñòåñòâåííûõ
êðàåâûõ óñëîâèé (3.6 ).

Äëÿ ôóíêöèîíàëà J [y] ìîæåò áûòü ïîñòàâëåíà çàäà÷à,
â êîòîðîé îäèí êîíåö ôèêñèðîâàí, à âòîðîé ñâîáîäåí. Òàê,
íàïðèìåð, åñëè ôèêñèðîâàí ëåâûé êîíåö (a, ya), òî ê óðàâíåíèþ
Ýéëåðà äîáàâëÿþòñÿ êðàåâûå óñëîâèÿ

y(a) = ya, f ′y′

x=b

= 0. (3.7)

Â ñëó÷àå, êîãäà ôèêñèðîâàí ïðàâûé êîíåö (b, yb), à ëåâûé
ñâîáîäåí, êðàåâûå óñëîâèÿ èìåþò âèä

f ′y′

x=a

= 0, y(b) = yb. (3.8)

Ïðèìåð 22 Íàéäåì â âåðòèêàëüíîé ïëîñêîñòè xOy ãëàäêóþ

êðèâóþ, ñêàòûâàÿñü ïî êîòîðîé áåç òðåíèÿ, òÿæåëàÿ òî÷êà

äîñòèãàåò äàííîé âåðòèêàëüíîé ïðÿìîé çà êðàò÷àéøåå âðåìÿ.

Ïðåäïîëîæèì, ÷òî íà÷àëüíîé òî÷êîé ÿâëÿåòñÿ òî÷êà A(0; 0),

à âåðòèêàëüíàÿ ïðÿìàÿ çàäàíà óðàâíåíèåì x = b. Ýòà çàäà÷à

ÿâëÿåòñÿ îáîáùåíèåì çàäà÷è î áðàõèñòîõðîíå (ñì. ïðèìåð 17).

Ýêñòðåìàëÿìè ðàññìàòðèâàåìîãî ôóíêöèîíàëà (2.5)

J [y] =
1√
2g

b∫
0

√
1 + y′2
√
y

dx.

ÿâëÿåòñÿ ñåìåéñòâî öèêëîèä (2.6){
x = C1(p− sin p) + C2,

y = C1(1− cos p).
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Òàê êàê x = 0 ïðè p = 0, òî ïîñòîÿííàÿ C2 = 0, à ïîñòîÿííàÿ

C1 îïðåäåëÿåòñÿ èç åñòåñòâåííîãî êðàåâîãî óñëîâèÿ íà ïðàâîì

êîíöå

f ′y′

x=b

=
y′

√
2gy

√
1 + y′2


x=b

= 0

Îòñþäà íàõîäèì y′(b) = 0, ò.å. èñêîìàÿ êðèâàÿ äîëæíà ïåðå-

ñåêàòü âåðòèêàëüíóþ ïðÿìóþ x = b ïîä ïðÿìûì óãëîì. Âîñ-

ïîëüçóåìñÿ ôîðìóëîé äèôôåðåíöèðîâàíèÿ ôóíêöèè çàäàííîé

ïàðàìåòðè÷åñêè

y′ =
y′p
x′p

=
sin p

(1− cos p)
= 0.

Òàê êàê ïàðàìåòð p ∈ (0, 2π), òî p = π. Èç óñëîâèÿ x(p) = b

ïîëó÷àåì C1 = b/π.

Òàêèì îáðàçîì, åäèíñòâåííàÿ êðèâàÿ, óäîâëåòâîðÿþùàÿ

íåîáõîäèìûì óñëîâèÿì ýêñòðåìóìà, èìååò âèä{
x = b

π (p− sin p),

y = b
π (1− cos p).

3.2 Çàäà÷è ñ ïîäâèæíûìè ãðàíèöàìè

Ðàññìîòðèì çàäà÷ó îá ýêñòðåìóìå ôóíêöèîíàëà

J [y, a, b] =

b∫
a

f(x, y, y′)dx, (3.9)

â ñëó÷àå, êîãäà ãðàíèöû ïðîìåæóòêà [a, b] ÿâëÿþòñÿ ïîäâèæ-
íûìè. Ïðåäïîëàãàåòñÿ, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ f � äâà-
æäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ òðåõ ïåðåìåí-
íûõ. Ôóíêöèè y(x) ïðåäïîëàãàþòñÿ íåïðåðûâíî äèôôåðåíöèðó-
åìûìè. Âîñïîëüçóåìñÿ ñõåìîé ïîëó÷åíèÿ íåîáõîäèìûõ óñëîâèé
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ýêñòðåìóìà ôóíêöèîíàëà, ïðèìåíÿåìîé â êëàññè÷åñêîé çàäà÷å
âàðèàöèîííîãî èñ÷èñëåíèÿ.

Ïðèðàùåíèå ôóíêöèîíàëà áóäåò çàâèñåòü òåïåðü íå òîëüêî
îò âàðèàöèè ôóíêöèè δy, íî è îò âàðèàöèé ïîäâèæíûõ ãðàíèö
δa, δb. Çàìåòèì, ÷òî åñëè δy, δa, δb � íàáîð äîïóñòèìûõ âàðè-
àöèé, òî ïðè äîñòàòî÷íî ìàëûõ çíà÷åíèÿõ ïàðàìåòðà α íàáîð
âàðèàöèé αδy, αδa, αδb � òàêæå áóäåò äîïóñòèìûì.

Ñëåäîâàòåëüíî, ïðè ôèêñèðîâàííûõ âàðèàöèÿõ δy, δa, δb â
îêðåñòíîñòè òî÷êè α = 0 ìîæíî îïðåäåëèòü ôóíêöèþ

φ(α) = J [y + αδy, a+ αδa, b+ αδb].

Åñëè ôóíêöèÿ y(x) ÿâëÿåòñÿ òî÷êîé ýêñòðåìóìà ôóíêöè-
îíàëà J [y, a, b], òî ôóíêöèÿ φ(α) áóäåò èìåòü ýêñòðåìóì ïðè
α = 0. Åñëè ïðè ýòîì ôóíêöèÿ φ(α) äèôôåðåíöèðóåìà â òî÷êå
α = 0, òî, â ñîîòâåòñòâèè ñ íåîáõîäèìûì óñëîâèåì ýêñòðåìóìà
ñêàëÿðíîé ôóíêöèè, äîëæíî âûïîëíÿòüñÿ ðàâåíñòâî φ′(0) = 0.

Ïóñòü ôóíêöèÿ y(x) ñ êîíöåâûìè òî÷êàìè (a, ya), (b, yb)
äîñòàâëÿåò ýêñòðåìóì ôóíêöèîíàëó (3.9).

Âû÷èñëèì ïðîèçâîäíóþ φ′(α). Â ñîîòâåòñòâèè ñ ôîðìóëîé
äèôôåðåíöèðîâàíèÿ èíòåãðàëà ïî ïàðàìåòðó äëÿ ñëó÷àÿ, êî-
ãäà îò ïàðàìåòðà çàâèñÿò è ïðåäåëû èíòåãðèðîâàíèÿ è ïîäûí-
òåãðàëüíàÿ ôóíêöèÿ

φ′(α) =

b+αδb∫
a+αδa

∂

∂α
f(x, y + αδy, y′ + αδy′)dx+

+f(x, y + αδy, y′ + αδy′)

x=b+αδb

δb−

−f(x, y + αδy, y′ + αδy′)

x=a+αδa

δa.

Òîãäà

φ′(0) =

b∫
a

(f ′yδy + f ′y′δy
′)dx+

+f(x, y, y′)

x=b

δb− f(x, y, y′)

x=a

δa. (3.10)
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Ïðåîáðàçóåì ïåðâîå ñëàãàåìîå â (3.10)

b∫
a

(f ′yδy + f ′y′δy
′)dx =

b∫
a

(f ′y −
d

dx
f ′y′)δydx+ f ′y′δy

b

a
.

Ïóñòü δyb = ỹ(b + δb) − y(b). Òîãäà, îãðàíè÷èâàÿñü
ëèíåéíûìè ïî δb ÷ëåíàìè, ìîæíî çàïèñàòü

δyb = ỹ(b+ δb)− ỹ(b) + ỹ(b)− y(b) ≈ y′(b)δb+ δy(b).

Ïðîâåäÿ àíàëîãè÷íûå ðàññóæäåíèÿ äëÿ ëåâîãî êîíöà, èç
(3.10) ïîëó÷èì

φ′(0) =

b∫
a

(f ′yδy + f ′y′δy
′)dx+ f ′y′


x=b

δyb + (3.11)

+(f − f ′y′y
′)

x=b

δb− f ′y′

x=a

δya − (f − f ′y′y
′)

x=a

δa = 0.

Â ôîðìóëó (3.10) âàðèàöèè δy, δa, δya, δb, δyb âõîäÿò
ëèíåéíî. Íàçîâåì âåëè÷èíó δJ [δy, δa, δya, δb, δyb] = φ′(0)
âàðèàöèåé ôóíêöèîíàëà J [y, a, b].

Èç ôîðìóëû (3.11) ïðè δa = 0, δb = 0 ïîëó÷àåì ôîðìóëó
äëÿ ïåðâîé âàðèàöèè â çàäà÷å ñ ïîäâèæíûìè êîíöàìè, à ïðè
δa = δya = δb = δyb = 0 � ïåðâóþ âàðèàöèþ â ïðîñòåéøåé
çàäà÷å âàðèàöèîííîãî èñ÷èñëåíèÿ.

Åñëè íåêîòîðàÿ ôóíêöèÿ y(x) äîñòàâëÿåò ýêñòðåìóì ôóíê-
öèîíàëó J [y], òî îíà, â ÷àñòíîñòè, ÿâëÿåòñÿ ýêñòðåìóìîì ñðå-
äè ôóíêöèé, êîòîðûå èìåþò ñ ãðàôèêîì ôóíêöèè y(x) îáùèå
êîíöåâûå òî÷êè. Çíà÷èò, y(x) óäîâëåòâîðÿåò óðàâíåíèþ Ýéëå-
ðà. Ïîýòîìó â ôîðìóëå (3.11) ïåðâîå ñëàãàåìîå ðàâíî íóëþ è
íåîáõîäèìîå óñëîâèå ýêñòðåìóìà ïðèíèìàåò âèä

f ′y′

x=b

δyb + (f − f ′y′y
′)

x=b

δb− f ′y′

x=a

δya −

−(f − f ′y′y
′)

x=a

δa = 0. (3.12)
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Ïóñòü òåïåðü ôóíêöèîíàë J [y] îïðåäå-
ëåí íà ãëàäêèõ ôóíêöèÿõ, êîíöû êîòîðûõ
ëåæàò íà äâóõ ôèêñèðîâàííûõ ãëàäêèõ êðèâûõ
y = ψ(x), y = χ(x).

Òàê êàê êîíöû ãðàôèêîâ äîïóñòèìûõ ôóíêöèé ëåæàò íà
ôèêñèðîâàííûõ êðèâûõ, òî

δya = ψ′(a)δa, δyb = χ′(b)δb.

Òîãäà

δJ [δy, δa, δb] = (f+(χ′−y′)f ′y′)

x=b

δb−(f+(ψ′−y′)f ′y′)

x=a

δa = 0.

Â ñèëó íåçàâèñèìîñòè âàðèàöèé δa, δb ïîëó÷àåì êðàåâûå
óñëîâèÿ â ðàññìàòðèâàåìîé çàäà÷å.

(f + (χ′ − y′)f ′y′)

x=b

= 0, (f + (ψ′ − y′)f ′y′)

x=a

= 0. (3.13)

Êðàåâûå óñëîâèÿ (3.13) íàçûâàþòñÿ óñëîâèÿìè òðàíñâåð-
ñàëüíîñòè. Ãîâîðÿò, ÷òî êðèâàÿ y(x) òðàíñâåðñàëüíà êðèâûì
y = ψ(x), y = χ(x).

Ïðèìåð 23 Âûÿñíèì ñìûñë óñëîâèé òðàíñâåðñàëüíîñòè äëÿ

÷àñòî âñòðå÷àþùåãîñÿ â ïðèëîæåíèÿõ ôóíêöèîíàëà

J [y] =

b∫
a

A(x, y)
√

1 + y′2dx.

Ïóñòü ôóíêöèîíàë J [y] îïðåäåëåí íà ãëàäêèõ ôóíêöèÿõ, êîí-

öû êîòîðûõ ëåæàò íà äâóõ ôèêñèðîâàííûõ ãëàäêèõ êðèâûõ

y = ψ(x), y = χ(x). Â äàííîì ñëó÷àå

f(x, y, y′) = A(x, y)
√
1 + y′2,

f ′y′ = A(x, y)
y′√

1 + y′2
=

y′f

1 + y′2
.
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Ñëåäîâàòåëüíî

f + (ψ′ − y′)f ′y′ = f +
y′f

1 + y′2
(ψ′ − y′) =

= f(1 +
ψ′y′ − y′2

1 + y′2
) =

f(1 + ψ′y′)

1 + y′2
.

Â äàííîì ñëó÷à óñëîâèÿ òðàíñâåðñàëüíîñòè èìåþò âèä

y′(a) = − 1

ψ′(a)
, y′(b) = − 1

χ′(b)
,

ò.å. â äàííîé çàäà÷å óñëîâèå òðàíñâåðñàëüíîñòè êðèâîé

y(x) êðèâûì y = ψ(x), y = χ(x) åñòü óñëîâèå îðòîãîíàëüíîñòè

ýòèì êðèâûì.

3.3 Çàäà÷è

Íàéòè ôóíêöèè, óäîâëåòâîðÿþùèå íåîáõîäèìûì óñëîâèÿì
ýêñòðåìóìà â çàäà÷å ìèíèìèçàöèè ôóíêöèîíàëà ñ
ïîäâèæíûìè êîíöàìè

1. J [y] =
1∫
0

(y′2 − y)dx→ extr; y(0) = 0.

2. J [y] =
π/4∫
0

(y′2 − y2)dx→ extr; y(0) = 1.

3. J [y] =
π/4∫
0

(y′2 − y2 + 4y cosx)dx→ extr; y(0) = 0.

4. J [y] =
π/2∫
π/4

(y2 − y′2 + 4y sinx)dx→ extr; y(π/2) = 0.

5. J [y] =
1∫
0

(y′2 + y2)dx→ extr; y(0) = 1.

6. J [y] =
e∫
1

(xy′2 + 2x)dx→ extr; y(1) = 0.
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