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1. HeonpeaesieHHBIA HHTErPAJ M NIEPBOOOPA3HAS

1.1. Onpeoenenusn

Humeepan — oTHO W3 BaXHEUIIUX TOHITHI MaTEeMAaTHKH, BO3HUKIIIEE B CBS3H C
NOTPeOHOCTHIO, C OJIHOM CTOPOHBI, OTBICKHBATh (YHKIIUM TIO WX MPOU3BOTHBIM
(HanpuMmep, HaXOMUTHh (DYHKIHIO, BBIPAXKAIOIIYIO IyTh, MPOHIEHHBIA IBIXKYIICHCS
TOYKOM, IT0 CKOPOCTH 3TOM TOUKH), & C IPYrOi — U3MEPSITh ILJIOIIAIU, O0BEMBI, JJTHHBI
ayT, paboTy CHJI 32 ONPE/ICICHHBII MPOMEKYTOK BPEMEHH | T.I1.

HaxoxieHrne HeonpenaeleHHbIX HHTETPAJIOB, WM UHmMe2pUposanue, eCTh OIle-
panus, oOpatHas muddepenimpoanuto. [Ipu nuddepennupoBannn Gyakuuu F(X)
uniercs ee npousBojHas f (X). [Ipu nHTErpUpOBaHNN, HAOOOPOT, UIIETCS TIEPBOOOpa3-
Has QyHKIMS.

®dyukuusa F(X) HaspBaeTcs nepsooodpasnou miis Gpyukuuu f (X), ecau

F' (x)=f (x).

®dynkius f (X) MoKeT UMETh pa3JIndHbIC MEPBOOOpa3HbIe, HO BCE OHHM OTIHYA-
FOTCA IPYT OT Apyra TOJIbKO NPOU3BOJIbHON MOCTOIHHOU C.

Ecmu F(X) — mepBooOpasnas mist f (x), To F(X)+C — toxe sBisiercs nmepBooOpas-
noit st f(X). 3aecy C — npou3BoJIbHAS IOCTOSTHHAS.

Bce nepBoobpasubie ais pyrakiun f (X) comepkarcs B Boipaxkennu F(X)+C, ko-

TOpPOE HAa3bIBACTCS HeonpedeneHnviM unmeeparom Qynkiuu f (X) u obo3HauaeTcs

I f (x)dx. 3mech J. — 3HaK mHTerpana, f (X) — moapiHTerpagbHas Gynkius, f (X)dx —

IIOABIHTCTPAJIBHOC BBIPAXKCHUC.

Taxum obOpaszom, I f (x)dx=F(x)+C.

Haxoxxnenue nepBooOpasHoit ais pynkuuu f (X) HazpIBaeTCss MHTETPUPOBAHUEM
¢byukumu f (X).

C reoMeTpUyYecKOW TOYKH 3pPCHHS HEOMPEICIICHHBId HHTErpaJl MPEACTaBISICT
COBOKYITHOCTh (CEMEWCTBO) KPUBBIX, KaXKJasi M3 KOTOPBIX MOJIYYaeTcsl MyTEM CIIBHTa

OJIHOM M3 KPUBBIX MapaljieIbHO caMOi ce0e BBepX WJIM BHM3, T. €. BI0Jb ocH 0Y.



1.2. Ceoiicmea neonpeoeeHHbIX UHMEZPATIOB

1) [(£09+g00)dx=[ f (dx+ [ g(x)x
2) [k-f()dx=k] f (x)dx

3) d j f(x)dx = f (x)dx

4) jdf(x)=f(x)+C

5) J'f(a-x)dx:iF(a~x)+C

6) _[f(x+b)dx=F(x+b)+C

7) I f(a-x+b)dx = i F(a-x+b)+C (caenctBue u3 5 u 6 CBOMCTB)

[TPUMEPBI

1. Beiuuciaurs I (5x2 +2sin x)dx .

Pewenue.

JlaHHBI WHTETPAJ MPEACTABUM B BHJE CYMMBbI JIBYX HHTETPaoB (CM. CBOHCTBO

1) J'(sz +2sin x)dx = .[ 5x%dx + .f 2sin xdx, B K&KIOM W3 KOTOPHIX BBIHECEM 3a 3HAK WHTE-

rpajia MHOKHTEJIb-KOHCTaHTY (CM. CBOWCTBO 2) .[ 5x%dX + _[ 2sin xdx = 5_|. Xdx + stin xdx.

HOJ’Iy‘—IeHHBIG B UTOI'C MHTCTPAJIbI ABJIAIOTCA TaOJIMYHBIMU

3
SIxzdx+ZIsin xdx=5X€+2(—cosx)+C=§x3—2003x+c.

2. BerunciuThb J.(\/;-I—5X —W)dx.

Pewenue.
B nanHom mHTErpasie Takxke BOCIOIb3yeMCsl CBOMCTBOM 1 71t TOTO, YTOOBI pa3-

OUTh M3HAYAJIBHBII MHTErPajl HA CYMMY TPEX MHTErPaJIOB

I(J;+5X —W)dx:jﬁdx+f5xdx—dex.



4
Jlanee 3anumeM +x _ 2 u 3t =5,

[TosryunMm Tpu TaOIWYHBIX UHTETpaja:

% X % X
IX%dX+I5XdX—IX%dX:X +5 _X +C :gx%+5__§x%+cl
% In5 % 3 In5 7

2x3 +4.3/x -1

VX

3. Beruuciautse j dx.

Pewenue.
[TogpiHTErpaNIbHYIO IPOOHL pa3oOheM Ha TpHU 0oJiee MPOCThie ApoOHU

N NN

JaJIcc HOHy‘IGHHblﬁ HHTCTpaJl CYMMBI 3aITUIICM B BUAC CYMMBbI HHTCTPAJIOB (CM. CBOM-

2 4¥x 1 2x° 4( 1
- el oo o Ty

U B KaXJIOM U3 HUX BBIHECEM MHOKHMTEIIb-KOHCTAHTY (CM. CBOWCTBO 2)

J-2x3+4~3x—1dxzj-(2x 4.3x 1 J

cTBO 1)

2x° 4-3/x 1 x° 3x 1
dx+ dx— =2 dx+4| —=dx— | —=dx
Tenepb npeodpazyem apoOu, 3aImucaB UX B BUJE CTEIICHHBIX (DYHKITUN

3 3 3 % 15 _
X X —Xsi%:X%I/I\/;—X 2y %

N NN

HOJIyLII/IB TaOIUYHEIC I/IHTCFpaJ'IBI BBIYHCJIUM HX:

W /6 %
2Ix2dx+4jx ydx Ix 2dx=2- X 4 / 24 /+2x/+C
7 3

/ Yt
4. BeraucimiThb _[ (sin(2x) + cos(x + 3))dx .

Pemenne.

Tak e Kak U B MPeAbIIyIIMX MPUMEPAX, BOCHOJIb3YEMCSI CBOMCTBOM 1 171 mpe-
0o0pa3oBaHUsI MHTErpajia OT CYMMbl B CyMMY WHTErpajioB. JJisi BEIYMCIICHUS TTEPBOTO
W3 MOJIYYUBIIUXCS UHTETPAIIOB BOCMOJIB3YEMCSI CBOMCTBOM S, a ISl BBIYUCIIEHUS BTO-

pOro — CBOMCTBOM 6.



I(sin( 2X) +cos(x + 3))dx = Isin( 2X)dx + Icos(x +3)dx = % (—cos(2x)) +sin(x+3)+C =

= —%cos(Zx) +sin(x+3)+C.

3az[aqH JJI1 CAMOCTOATCIIBHOI'O PCIIICHU A

Brurauciaurs.
1) J(5x3—2x2 +~/x%)dx ; 2) I(W+3\/F—5%)dx;
3)jx +\/_ 4)IX4_§/FX,
X
5) _[cos(4x—7)dx; 6) IZ(M) dx;

dx
; 8) | —
2 j(x 5)? ) L (2x+1)*

3
9) _[(X+21) dx .
OTBeTHI.
1) §x4—3x3+2x%+c; 2) §x%+§x4—20x%+C;
4 3 5 5 4
3) gx% +gx% +C; 4) 0,5x° +08x 4 +C;
5) 1sin(4x—7)+C; 6) 217 +C:
4 In 2
7) —L.ic; 8) 2(2x+1)% +C:
X—95 6

9) 0,5x% +3x+3lIn |x|—§+C.



2. OCHOBHBIE METOAbI BLIMUCJICHUA HCOIIPECACJICHHOI'O MHTEIrpaJjIa

2.1. Buecenue noo 3nax ougpgpepenyuana

JlaHHBIM MeTOJ WHTErpUpPOBAHUS OCHOBAH Ha WMHBAPUAHTHOCTU (POpPMYIJ MHTE-
rpupoBanus. To ecTb HOpMysbl HHTETPUPOBAHHUS, TPUBEICHHBIE B TAOIUIE UHTETPa-
JIOB JACUCTBUTENBHBI KaK JJI1 HE3aBUCHUMOW NMEPEMEHHOM X , TaK W JJI1 HEKOTOPOM

dbyuakun u=u(X) . Hanpumep,

n+1

) u
Icosudu:5|nu+C Wi Iu”du: +C U T.nI.

n+1

3HAYUT, NOJBIHTErPATILHOE BhIpaAXKEHUE MOKHO ITPeoOpa3oBaTh TaKUM 00pa3oM,
yTOOBI MOJ, 3HaKoM JuddepeHimana crosia Ta ke (QyHKIMS, 4TO U B OCHOBHOMU
MOABIHTErpaTbHON (QyHKIMHU. Toraa MmoNMy4YeHHBIM MHTETPAl MOXKHO BBIYHCIHTH TIO
Ta0uIle UHTETPUPOBAHUS U C UCIIOIB30BAHUEM CBOMCTB HEOIPEACICHHOTO WHTETpa-
na. Hexotopsle ciydan BHECEHHs TOJ 3HAK AuddepeHinaia MOKHO 3alucaTh Cle-

IYIOIUMHA POpMYTIaMHU:

cosxdx=d(sin x) ; sin xdx=—d(cosx) ; e*dx=d(e*);
1 dx dx
xdx = =d(x?); = =d(hx); = =2d(+/x).
> (x%) " (Inx) I (vx)
[Tpumep
1) Berunciauthb I 2X dx.
X“+3

Pewenue.
Brecem noa 3Hak nuddepennuana x ¥ BOCronab3yemcsi 6 CBOMCTBOM HEOMpeie-

JICHHOTO MHTETpaa.
1

~d(x?) 1

X 1 2
dx =| xdx==d(x?) |= =
-[x2+3 [ 2 ( )} x2+3 2

2
sz(x ) _Linxz+9)+c.
X“+3 2



2) BeaucauTh Iln—xdx :
X

Pewenue.
[IpeoOpaszyeM MOIBIHTETPATBLHOE BRIPAKEHUE TaKUM 00pa3oM, 4TOOBI IO Aud-

depenrmanom ctan In x. Tenepb MOXKHO OyA€T OJIB30BATHCS TAOIHIICH HHTETPAIIOB.

j'”—xdx{%:d(ln x)}:jm xdnxy =M ¢
X X 2

tg3x

5 dx.
Cos” X

3) BeruucauThb J'

Penienue.

3aMeTHUM, YTO =d(tgx). BeimomHuB »T0 mpeoOpazoBaHHE, MOXKHO BOC-

cos? X

ITOJIB30BATHCA Ta6JII/IIJ,'ef/’I HHTCTPAJIOB.

4

3
[ dx:[ dx =d(tgx)}:jtg3xd(tgx):tg X
COS™ X COS™ X 4

+C.

33):[&‘11/1 JJI1 CAMOCTOATCIIBHOI'O PCIIICHU A

Beranciaure.
2xdx 4xdx . dx

1 : 2) [ 3 2 +3)dx; 4 [—=2

)Iq/x2+3 )J.x4+1 )jxsm(x +3K )I\/;cosz(\/;)
dx . . , sinx , . dx

5) j4ﬁ—x' 6) Icosx-5|n3xdx, 7) Icos5xdx' 8) Im,
dx

9 .

) lenx

OTBETEHI.

1) 2Jx+3+C; 2) 2arctg(x?)+C; 3) —%cos(x2+3)+c;

4) 2tg(\/x)+C ; 5) —2In‘4—\/§‘+c; 6) %sin4x+C;

7) ! .c: 8) - ! ¢ 9) Injinx|+C.

4cos*x 2n?x '



2.2. 3amena nepemenHoll 6 HeOnpeoeaeHHOM UuHmezpane

JlaHHBIM METOJ| BBIUMCIEHUS WHTErPAJIOB OCHOBAH HAa BBEACHUM HOBOMW Iepe-
MEHHOH, OJarojapsi KOTOPOW MCXOJIHBIN MHTETPaN YIPOIIASTCs] U MIPUBOAUTCS K Ta0-
JUYHOMY WHTerpaidy. MTak, BBeeM HOBYIO nepeMmeHHywo t dopmynoit Xx=g(t), rae
byuakus §(t) nuddepenippyemMa Ha HEKOTOPOM MHOXKECTBE T M CYIIECTBYET 00part-
Has k pynkuun g(t) pyrxus t=g *(x).

Tenepr Hamo monactaBuTh X=((f) B MCXOJHOE MOJBIHTETPAIHLHOE BBIPAKCHHE
[ f()dx.

B nonsiaTerpanibHoi GyHkiuu f (X) mepeMeHHas X 3aMEHIETCS Ha BBIPAKCHHUEC

g(t), a dx=d(g(t))=g'(t)dt.
Tornpa

J £(0dx= [ £(a() - g'(Bat|

OTMeTuM, 4TO MPU MHTETPUPOBAHUHU UHOTIA yI0OHEe MOA0UpaTh 3aMEHY Tepe-
MeHHOM B BHJIe t=¢(X), a He X=((t).
B nony4uBInyrocst B pe3ysbTare QyHKIINIO, 3aBUCSINYIO OT {, BMecTO t mojcra-

BuM @ 1(X). Dynxuus g 1(X) — pynxus, ooparnas pynxuun g(t).

[Tpumepsl
dx
1) Beruuciaurse )
) v

Pewenue.
Cnenaem 3ameny t=+/x , T.e. x=t2, Torma dx=d(t?)=2tdt.
Tenepsb B UCXOHBII HHTETPAN BMECTO X 3anumieM 12 u BMecTo +/x 3amumem t.

B mosy4yuBIIMiicsS pe3yabTaT BMECTO t mojacTaBuM x .

dx x=t? 2tdt t dt
— = = =2 dt=2[— =2In(t+1)+C =2In(vVx +1) +C.
J-x+\/; {dx:tht} J.t2+t J-t~(t+1) t+1 (t+1) ( )

10



2) BBIUUCIUTD I

e3x
dx
Vv1-¢e®

Pewenue.
3aMeHUM t=+/1—e* , BBIpa3uM X: X = In(1-t%).
Torma dx =d(In(1—t2)) = ztt dt.

I 0¥ . t=+v1-¢ x In(l t?) J.(l t)(2t)
ll_ex dx = t(l t)

1t2 (-t

.t3

2jt(1 t')° dt=-2[ (L-1*)?dt -

=_2j(1—2t2 +t4)dt=—2([dt—2jt2dt+jt4dt)=—zjdt+4jt2dt—2jt4dt=—2%+4§—2%+C -

:—2t+%t3—§t5+cz—2\/1—ex+%(1—ex)% 2(1 e )/+C

0s¥/x

3) BeraucauThb IC dx .

Pewenue.

Crnenaem 3ameny t=3/x , 1.e. x=t3. Torma dx=d(t* )=3t?dt. [Tocse BEruCIEHNS

MHTErpaga BMECTO epeMeHHol t mojacTaBum ¥/x .

3 _3 _+3 e
ICOS\/_ [t_\/;,x_t }=IM=3jcostdt=3sint+C:3sin§/§+c.

3/x? dx = 3t*dt t?
dx
4) BeI4uciuTh J.—
Xv/2X -9

Pewenue.

t2+9

2
3amennm t=+/2x -9, T.€. X= % . Tormadx=d ( J =Zd(t*+9)= % -2tdt=tdt.

j dx _ t= 2x_91x:%(t2+9) _ tdt _9 dt _
X 2X—9 dX:tdt ;(t2+9)t t2+9
:Z-Earctg£+C:Earctg 2x=9 ¢
3 3 3 3

11



5) BeraucauThb IM dx.

cos” x—4
Pewenue.

3amenum t=c0s?X, Toraa dt=d(cos?x)=2cos x-(-sin x)dx.

sin 2x 2sin X - COS X t =cos?® x dt 1 t—2|
j n dx:_[ Z dx = ) :—J' > =— In =
cos” x—4 cos'—4 dt =-2cos x - sin xdx t°—4 2-2 t+2|
2
:—ll cos2 X—2 LC
4 |cos® X+2
3amaum Qs CaMOCTOATEILHOTO PEIICHUS
BoeruucianTs.
sin \/_ NG
1) dx; 2) : 3) | ———=dx;
I jJ_(\/_ 5) I 16_e"%
V35 sin 4x sin 2x
4 dx; 5) X; 6
)'['\/3X—5 J.COS 2X+4 )J.”COS X+3
er
7 dx .
) Ie“ +5
OTBETHI.
o
1) —4cos(4/x)+C; 2) 5‘+C 3) 3arcsin| — n +C;
4) %em +C; 5) —O,5arctg(0,5cos2 2x)+C :
1 eZX
6 —In‘coszx+\/cos4x+3‘+c; 7) ——arct +C.
) ) 25 9\ U5

2.3. Humezpuposanue no wacmsam

B Merosie nHTErpupoBaHUs MO YacTsIM MOBIHTETPAIIBHOE BhIpAXKEHUE pa3OuBa-
eTcsl Ha JaBa COMHOXHTeNs: U ¥ dv. OCHOBBIBasCh Ha ATOM Pa30MCHHMH, HAXOIATCS
byukuus V u guddepeniman du. Janee, ucrnonb3yercs GopMyiia HHTSTPUPOBAHHUS 10

qacCTsiaM:

.[vdu = uv—_[vdu

12



Oyukiun U(X) 1 V(X) T0JDKHBI OBITH AU(GEpeHIIUPYEMbBIMH.
Dta GopMysa HCIOIb3YETCs, €CIIN MOABIHTEIPATBHOE BHIPAKCHHE MOYKHO TPE/I-
CTaBUTh B BHJC MPOM3BEACHHS COMHOXHUTENEeH U U dV M MONYyYMBIIHICS WHTErpas

J'vdu BBIYHUCIIUTD MPOIIE, YEM HMCXOJIHBIN J'udv. [Ipu sTOM 3a U Gepercs Ta GHyHKUHUS,

KOTOpas npu auhHepeHIMPOBaHIH YIPOCTUTCS, a 3a dV — Ta 4acTh MOJBIHTETPATLHO-
IO BBIP@YKECHHUSI, UHTETPAJl OT KOTOPOU U3BECTEH.

Hampumep, nyis uHTErpanoB Buaa _[P(x)-eaxdx, IP(X).sin axdx, jP(x)-cosaxdx 3a

U yaobnee 6pats MHOrowIeH P(X), a 3a dV 0CTaBIIyIOCS YacTh MOBIHTEIPAILHOTO BbI-
paxenus: e¥dx, sin(ax)dx wm cos(ax)dx coorBercTBeHHO. J[Is WMHTErpasoB BuUaa

IP(X) In xdx, jP(x)-arcsin xdx, j P(x)-arccosxdx 3a U IPHHUMAIOT COOTBETCTBEHHO IN X,

arcsin x m arccos x, a 3a dv — P(x)dx.

[Ipumepsl

1) Boruuciauthb I X -sin xdx.

Pewenue.
3meck 3a U ymoOHee B3sTh X, a 3a dV OCTaBIIYIOCS YacTh MOIBIHTEIPAIbHOIO BbI-

pakeHus: Sinx dx.

Torma du=dx, a v= j sin xdx= — COSX.

) u=x, du = dx )
Ix-smxdxz . :x-(—cosx)—j(—cosx)dx=—x-cosx+s1nx+C.
sin xdx = dv,v =—cosx

2) BeraucauThb Ixz -e*dx.

Pewenue.

Tax e KaKk ¥ B IIPEAbIAYIIEM IIPUMEPE 3a U JTydIne B3STh MHOTO4IeH X2, 3a dv

torna npunumaeMm € dX. Torma du=d(x?)=2xdX, V:Iexdx=ex. B manHOM mpmiMepe B

M3HAYAIBHON IOJBIHTErPAIbHON (DYHKIMU CTOSI X? — MHOTOYJICH BTOPOH CTEIEHH,

3HAYUT, TIpU U depeHIUPOBaHUN OCTAHETCS MHOTOYJICH MEPBOM cTeneHu 2X U Io-

JIyYUTCS] HOBBIM MHTErpal Ixexdx .

2
2 x| X =u, du=2xdx | 5, . f .
Ix e dx—Lde:dv, o }—x e J.e 2xdx .

13



[Toy4eHHBIN UHTETPANT TOXKE BBIUUCISETCS C MOMOIIBIO (hOPMYITbI HHTETPHUPO-

BaHMsI TI0 9acTSIM. 3a U CHOBa OepeTcss MHOTOUJICH, HO TETeph YXKE MEepPBON CTENeHU

X, a 3a dv caosa e*dx. U rorga du=dx, a v= f e*dx=e*.

=u, du=d
xz-ex—jex-Zxdxzxz'ex—2jx-exdx= e wea =x2-ex—2(x-ex—fexdx):
e'dx=dv, v=e"

=x2-ex—2x-e'”+2jexdx=x2-ex—2x-ex+2e’“+C=ex(x2—2x+2)+C.

3) BeraucauThb Iln xdx.

Pewenue.
B nmanHOM mpumepe MoAbIHTEerpalibHas (PYHKIHS COACPIKUT TOJIBKO IN X, KOTO-

poIit mpuHEMaeM 3a U. Toraa 3a dv 6epem dx. 3naunt du=d(In X)=§dx, V=Idx =X.

Ilnxdx: Inx:u,du:? =x-In x—jx-%:x-ln x—J'dx:x-In X—x+C.
dx =dv,v=x X

4) BbIYUCIIUTH _[ex -sin xdx.

Pewenue.

B maHHOM npuMepe, B OTJIMYKE OT APYTUMX, PACCMOTPEHHBIX BBIIIE HEJIb3s CKa-

3aTh, YTO pa3OMEHHE MOIBIHTETPATBLHOTO BhIpaKeHUs Ha U u dv oueBuaHo. Ecnu 3a

U B3aTh €%, a dv=sinx dx, To du=e*dx, V=Isin xdx= - COS X.
Ecnu e 3a U ipuHATS SIN X, a 3a dv=e*dX, Torma du=cos x dx, v= j e*dx=e*.

B nm000oM U3 pacCMOTPEHHBIX CIy4yaeB WHTErpai, MOJYYEeHHBIH B pe3yJsbTaTe
NpUMEHEHHsI (POPMYJIbI HHTETPUPOBAHKSI TI0 YacTsAM, HE MPOIIe MCXOAHOro, a 3a dv

MOHO OpaTh JII0OYI0 4acTh MOABIHTErPATLHOIO BBIPAXKEHUS, IOTOMY UYTO MHTErpall

dv=V Oyzer HailaeH 1 i € u [1d Sin X. 3HAYUT MOXKHO BBIOPATH JIFOOOM U3 CIIOCO-
y p

00B pa30KeHHs JaHHOTO MHTerpaia Ha U u dv.

* = du=e*d Y=u, du=e'd
J.ex-sinxdx: e Hoea =e"-(—cosx)—j(—cosx)-exdx: ¢ - e‘x =
sin xdx = dv,v = —cosx cosxdx =dv,y=sinx

=—e" -cosx+(e” ~sinx—jsinx-e’ﬂx)=—ex -cosx+e” -sinx—jsinx-exdx.

14



Utak, B Xo1e pemieHus ObUT MOJyYeH HCXOAHBIM WHTErpai, KOTOPbIA MbI BbI-

YUCIISIEM jex sin xdx.

Ecnu nmepeHecTu ero B IpaByio 4acTh, TO CIIpaBa MOJy4duTcs 2 | e sin xdx, a cie-
2

Ba HEKOTOpasi YHKITHSI.
2_[9X -sin xdx=e" -sin x —e* -cosX.
[TonenuMm JeByr0 M MpaByrO YacTH Ha 2, MPUOABUM IMOCTOSHHYIO MWHTETPUPOBA-

. 1 .
HUs C ¥ IOJTyYUM OTBET: J.eX -Sin xdx = Eex(sm x—cosx)+C.

I/IHTerpaJIBI HOI[O6HOFO BHJa HA3bIBAIOTCA OUKINYCCKHMM, IIOTOMY YTO B XOJ€

PCIICHUA IIPUXOIAT K TOMY, OT 4CIro YXOAWJIH, T.C. IIPOLIIN I10 KPYry, CACIaJIN UKII.

3az[atm JJI1 CAMOCTOATCIIBHOI'O PECIIICHU A

Brurauciauts.
1) jx-cosxdx; 2) _[(x +1e*dx; 3) _[xln xdx 4) szarctgxdx;
5) J'xz -sin xdx; 6) J.(x2 +2x+3)cosxdx; 7) Ixsexzdx; 8) Iezx cos xdx.
OTBeETHI.
1) xsinx+cosx+C; 2) xe*+C; 3) 05x*(Inx-05)+C;

X 1/, 2 . 2 . .
4) ?arctgx—g(x —In( x +1))+C, 5) —x?cosx+2xsin X +2cosx+C ;
6) (x* +2x+1)sin x+2(x+1)cosx+C; 7) e (05x* —x? +1)+C;

8) %ezx(sin X+2cosX)+C.
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3. UHTerpupoBaHne HEKOTOPHIX KJIACCOB IEMEHTAPHBIX QyHKIUI

3.1. Humezpuposanue opoobeil, coodeprcaujux K6aopamHulil mpexuieH

KBapaTHBII TpexuseH — 3T0 cymMMa BHaa ax’>+bx+c, rae a, b, ¢ — nocrosHHbIE

BCJIMYMHBI, KOHCTAHTHI, a X — 3TO ICPECMCHHAI.

Mx+ N

1° PaccmoTpuM cHauajga HWHTErpUpOBaHUE JpoOed Buaa 2 brac’
+bx+

rac

b2—4ac<0.
WHuTerpan otr Takux po0ei BEIYUCIAETCA CAEAYIOINUM 00pa3oM.

1) B BBIPpA’KCHHUH, CTOAIICM B 3HAMCHATCIIC BBIACIIAICM MOJIHBIN KBaapar:

2 2
ax2+bx+c=a{(x + ﬂj + [E -2 7 ﬂ .
2a a 4a

2) [enaem 3ameny t=x+ 23, Torma X=t — 2£ u dx=dt.
a a

2

c b
3) Taxxe J1st KpaTKOCTH MOYKHO 0003HAYUTh BBIPAKCHHUE — — e =0>.
a 4a

4) TloacraBisieM HOBYIO ITEPEMEHHYIO B MOIBIHTETPAIbHOE BhIpa)KCHHUE:!

t:X+£ M(t—b)+N
J~ Mx + N dx — 2a :,[ 2a
ax? +bx+c x=t—2£,dx=dt a(t? + %)
a

5) B uncnuTene packpbiBaeM CKOOKH, a B 3HAMEHATEJI€ BHIHOCUM MHOXHTEb 3a

b
M(t—zaj+N 1 Mt_MEJFN
3HaK MHTErpana: j dt== I 228 g,

a(t’ +q°) a t?> + 2

Mt—M£+N
2a

Ty Ha CyMMY JIByX Ipo0Oeii
+

6) [lanee pazouBaem apoOb

b b
Mt—-M —+N N-M—
2a Mt 2a

t2+q2 + 2

2+ t° +q

16



[lonyuyaem nBa mHTErpaa:
VL
J-t +q° a-[ t? +q2adt
7) B mepBoM WHTErpajic BHOCHMM B uuciuTenae t moj 3Hak auddepeHnnaia

MtdtZ% Mdt? 1 mosyuaem TaGIMUHBIA HHTETPaT:

M ¢ dt?
_J't o :_J't e _It2+q2:£m‘t +q°|+C.

8) Bropoii mHTerpaj yxe SBISeTCS TaOJINIHBIM.
N-M2 N- N-M 2 1 .
28 gt — 2a I 2a -—arctg(—) +C.
t> +q° a q q

9) BosBpamaemcsi K M3HAYaIBHON MEPEMEHHOM X U MOJIb3yeMCsl TOM Ke 3ame-

_It+q

HOM ——— =
a 4a
M N-M 1
—In‘t2+q2‘+—2a arctg(} +C=
2a a q q
M bx+C| N_ME X+£
=—Inx* + + 23_arctg 22|, ¢
2a a | ¢ b c b
a 4a’ a 4a’
[Ipumep
1) BouucianTsb Iﬁ dx.
X —2X+2
Pewenue.

Brigennm B 3HaMeHaTee MOJHbIN KBAIparT:
—2X +2=(x2 = 2-1-x +1) — 142= (x — 1)? +1.

Cnaenaem 3ameny t=X — 1, rorga x=t+1, dx=dt.

— t=x-1
J' 22X 2 I — J'Z(t-zi-l) Zdt
X5 —2X+2 Xx=t+1dx=dt t°+1

17



2(t+1) -2

2

Packpoem B uncimurene ckoOku | T
+

dt?
:Itz +1

dt= I idt A BHeceM 2t moja 3HaAK
t2 +1

:In‘t2 +ﬂ+C.

Janee ucrioms3yem 3ameny t=X — 1. Injt* +1+ C =In|x* - 2x + 2|+ C.

2) BorumcinTs I%dx.
X2 +4x +

Pewenue.
B 3HamMeHaTesIe BhIICIUM TOJIHBIN KBaIpaT:

X2 +4X +5=(x? + 2:2-X + 4) — 4 +5=(x+2)%+1.
CnemaeM 3aMeHy: t=x +2, torga X=t — 2, dx=dt.

3x-1 t=x+2 3(t-2) 1
[——dx= j—
x> +4x+5 X=t-2,dx=dt +1

3(t2)1 J»3t61 I

Packpoem B unciurene cKoOKu: I e
+

t+1

Pa3obnreM qpoOb Ha pa3HOCTH ABYX APOOEH U MOJTyYuM JIBa MHTETpaa;

dt
J.t +1 _I( 241 +1)t_3jt +1 _7jt2+1'

1 o
B mepBoMm mHTerpajge BHeceM Ioj 3HaK AuddepeHnnaia tdtZE dt?>, a Bropoii

MHTETpal y>Ke TaOJIUUHbIN:

t dt 3 dt? dt 3
3It2+1dt_7jt2+1=51t2+1_7It2+1:§|n‘t2+1‘_7amtg(t)+c'

BepHemcs K n3Ha4anpHOU EPEMEHHOM X:

gln‘t2 +ﬂ —Tarctg(t) + C =§In‘x2 + 4x +5‘ — Tarctg(x +2) +C.

18



321,[[3‘—11/1 JJI1 CaMOCTOATCIIBHOI'O PCIIICHM A

BeruncianTe.
4X +2 . 4x+3 . 2X-5
) [ % 2) [ x; 3) [
2x? +2x+l 2x° +2x+1 x? +4x+5
X+1 X+2 3X+3
dx; X; 6 dx;
)'[3X +6X+2 )I3x +6x+2 )IZX -x-1
7) [ g
X —3Xx+5
OTBETHI.

1) In x2+x+%+C;

2) In|x? +x+% +arctg(2x+1)+C;
3) In‘x2 +4x+5‘—9arctg(x+2)+C;

4) i x2+2x+E +C;
6 3

5) %In X2 +2x+§ +iarctg(\/§x+\/§)+c;

J3
6) Sk iyl —Earctg 4.1 +C;
4 2 2| 2 3 3

7> In‘x ~3x+5/+ \/_arctg(\/_ \/_j
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Mx+ N

vax? +bx+c

2° Tenepb paccMOTPUM WHTErpajl BHUIA J' dx. [IpuHnun ero peiie-

HUS IOX0K Ha pACCMOTPEHHBIN BBILIE.
1) B nogxopeHHOM BBIpa)KEHUH 3HAMEHATENS BbIICISAEM MTOTHBIA KBAPAT:

2 2
ax2+bx+c=a{(x + EJ + [E 2 7 ﬂ .
2a a 4a

2) lenaem 3ameny t=x+ 23, torma X=t — 23 u dx=dt.
a a

2

c b
3) Taxxe AJist KpaTKOCTU MOKHO 0003HAYUTh BBIPAKEHUE — — e =02
a 4a

4) HOIICTaBJ'I}ICM HOBYIO IICPCMCHHYIO B IIOABIHTCTPAJIbHOC BBIPAXKCHUC!

t:X+£ M(t—b)+N
J- Mx + N dx — 2a :J~ 2a dt
Jax? +bx+c x:t—zi,dx=dt Ja(t? +g?)
a

5) B uncnurene packpbiBaeM CKOOKH, a B 3HAMEHATEJIE€ BBIHOCUM MHOKUTEIIb 32

b
M(t—)+N Mt—M 2 4+ N
a dt=ij 28 g,
va(t® +q?) Ja Jt2 +0°
ME-M 2 4N
2a

b b

Mt—-M —+N N-M—
2a Mt 2a

= +

Fo e
b

Zadt

t+q J_Im

7) B nmepBom uHTerpane BHOcMM B uuciutene t mox 3Hak auddepeHimana

3HaK WHTETpaja; .[

6) Hanee pazbuBaem apoOb Ha CyMMY JBYX JpoOeit

H IIOJIy4YaceM JIBa MHTCTpaJia: J.

Mtdt= Md'[2 U TI0JTy9aeM TaOJIMYHBIA HHTETPAaJL:

Im

e B B )
Ja t> +9° Ja t> +9° 2\/_ t> +9° 2./a

}/dt——(t +q?)? +C.

&I

8) BTopoii unTerpai yxe siBIsIeTCs TAOIUIHBIM
 Nom2 D

2a dt =

LJ' _ 2aj~ dt _ a
\/g /t2+qz \/a /t2+q2 \/g

23 -In‘t+ t> +9°
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9) BosBpaiiaemcs kK M3Ha4YILHON IEPEMEHHOM X 1 TIOJIb3yeMCs TOM JKe 3aMEHOU

b
C b2 2 M 2 zy - 55
————=0% —(t*+ 2+—-In‘t+1/t2+ l+C=
N-M——
_M x2+bx+c+ 2a-lnx+£+ x2+bijC +C.
Ja a Ja 2a a
[Ipumep
2X—2
1) Borunciauth | ————dx.
I VX% —2X+2
Pewenue.
BrieauM B OIKOPEHHOM BhIPa)KEHUH MTOJIHBINA KBaIpaT:
X2—2X +2=(x*-2-1-x +1) — 1 +2= (x — 1)*+1.
Cnemaem 3ameny: t=x — 1, rorma X=t+1, dx=dt.
Cr2(t+1)-2 dt

I 2X—2 dx — t=x-1 —J
1[)(2_2)(4_2 X=t+l,dX=dt 1[t2+1
2(t+1)—2dt:j 2t

VtZ +1 t? +1

B dncnurene packpoeM CKOOKH: I dt u BHeceM t oz 3HaK

dt?

2t
+ +

[Tomy4wnnu TaOIMYHBINA UHTETPa J. dztz = J’(t2 - 1)_% dt> =2. (t2 - 1)% +C.
t°+1

BepHemcs k nepeMeHHOU X:

2.(2+1)2+C=2-(x*—2x+2)? +C =2-vx* ~2x+ 2 +C.

2) BuIuucIuTh Iﬁdx

VX% +3x+5

Pewenue.

B MMOAKOPCHHOM BBLIPAXXCHWH BBIACIINM MMOJIHBIN KBaJapar:
X%+ 3X + 5= (X2+2' 3 -X+g) _3 +5=(x +§)2 +E_
2 4 4 2 4

Cnemaem 3aMeHy: t=X +g , Tora X=t — g , dx=dt.

toxs 2 oft-3]-4
2X — 4 X+ 2

‘VX2+3X+5 X:t—g,dxzdt J. tz_{_E
\ 4
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B uucnurene packpoem cKoOKU

dt = j 2t dt u pa3oObemM UHTE-
11

t° + = t? + =
4 4

dt = ! dt:j—2t dt—7j—dt .
1/ 1 \/2+ \/t2+11 1/t2+E 1/tz-irE
4 4 4 4 4

B nepBoM uHTerpane BHeceM HOI[ 3HAK zm(b(pepeﬂunaﬂa t:

P

Y TIOJTYYUM TaOJTUYHBIA HHTErpall

2 + % /
TR 4 4
t +Z
t+1/t2+1—1
4

rpaj Ha pa3HOCTh '[

Bropoii uaterpan TabauyHbIi YJL =7In

124 1
4

IlepeieM K 3HaYaJIbHOW NEPEMEHHOM:

+C.

2~1/t2 +%—7Int+1/t2 +% +C=2-Vx*+3x+5-7In x+g+\/x2 +3x+5+C.
3amauu Qs CAMOCTOSATEIHLHOTO DEICHUS
Beruuciaurs.
2X+3 4X +2
1) 2)
'[\/x +3x+5 '[\/ -Xx+1
4x+3 3X-2
3) : 4) | ————dx
j\/ —5x+3 I\/ —2X+3
OTBETHI.
1) Vx* +3x+5+C; 2) 2+2x? —x+1+gln \/Ex—ng\/sz -X+1/+C;

ﬁx—%+\/3x2—5x+3

4) 3Jx? —2x+3+|n‘x—1+\/x2 —2x+3‘+C.

+C;

3) %\/3x2 —5x+3+2+/3In
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3.2. Humezpuposanue payuonaipbHwvix opooei

B sToM paznesne paccMOTpUM MHTETpUpPOBaHKE MpOOEH, B YHCIUTEIC U 3HAMeE-
HaTeJIe KOTOPBIX HaXOAATCS MHOTOWICHBI N-0H creneHu Ph(X) 1 m-oit crenern Qm(X):

P, (%)
Qn(X)

Pn(X)=ao X" +a1 X" " 14+a, X" "2+ ag X "3+, 4a,. 2 X2 + an. 1 X+an, Ie ag e R.

. MHorowieH Pn(X) Ha3pIBacTCS MHOTOWICHOM N-0# CTETICHH, €CITH

WNHuTerpupoBanue paroHaIbHBIX Ip00ei COCTOUT U3 JIBYX ITAIOB:

1) onpenensieM SBJIIETCS JIM ApOOb MPABHIIbHOM (ecii N < M) WK HENPaBHIIb-
Hot (ecmu N > m). Eciu apoOb HempaBHiIbHAs, HY)KHO BBIICIUTH LEIYH YacTh,
HaIpuMep, MyTeM JeICHUS YUCIUTENS Ha 3HAMEeHATellb. B pe3ynbrare JoHKHA TOTy-
YUTHCS Ieas 9acTh W TpaBUIbHAS JAPOOb, Y KOTOPOW CTENECHb YUCIUTENS OyaeT
MEHbIIIE CTeNeHN 3HaMeHaTtess. IHTerpupoBaHue 1ejoi 4acTH HEe COCTaBJISET TPya,
a MHTETPUPOBAHKE MPABWIBHON APOOH OMKMCAHO BO BTOPOM 3Tarle.

2) MpaBUIIbHYIO JApoOb, pacKiaapiBaeM Ha CYMMY MpOCTeHImx apooeit. [lamee
WHTETrpajl OT MOJIYYCHHOW CYMMBbI BBIYUCIISIETCS KAK CyMMa MHTETPAJIOB OT KaXI0W U3
MPOCTEUIINX IPOOEH.

A  Ax+B . Ax+B

[Tpocreimme npodbu — 310 APOoOU BUIa , : : .
P AP AP S (x—a)* " x® +bx+c’ (x* +bx+c)

Paznoxenue npaBuibHONU IpoOU HA MpOCTEHIINE.
1° ITycte MHOTOWIEH B 3HaMeHaTele Qm(X) UMeeT m pa3IuYHbIX JICHCTBUTEIIb-
HBIX KOpHEH: x1=b1, Xo=by, ... Xn=bn. Torga moxHo 3ammcats
Qm(X)=(x —by)(x — b2)(x — b3)-...- (X — bp).

P, (X)
HpoOb 0. ()

m

3aIIMIIIEM B BUJC:

P.(X) _ P, (x) __A B C K
Qm(X) (X_b1)(x_b2)(x_b3)'---‘(X_bm)_X_bl X_bz X_bs i X—b

rae A, B, C, ..., K — Heonpenenenubie K03 PUITUEHTHI.
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YroOst onpenenuts 3HaueHus kodpduimentos A, B, C, ..., K, Hamo:

B C
+ +..+

+
X—-b x-b, x-b, X—b,

m

1) cymmy npobeit MPUBECTH K OOIIeMy 3HaMe-

HATEJI0, U YIPOCTUTh YUCIUTENb, PACKPBIB CKOOKHA U NPHUBOJIA NMOA0OHBIE. B pe3ynb-

P, (x)
Qn(x)

2) Koaddumuentsl, crosmme B gucimtene Pn(X) u moixydeHHbIE B YUCITHTENC

TaTe NOJIy4HM JIpo0b, PaBHYIO UCXOIHOMN

HOBOM ApoOH MPU COOTBETCTBYIOIIUX CTEICHIX X JODKHBI ObITh paBHBIL. [IpupaBHUBa-
eM KO3 GUITMESHTHI TIPU OJIMHAKOBBIX CTEMEHSIX X B YHCITUTEIE TIOTyUYeHHOU TPOOH U B
MHorowieHe Pn(X). DT paBeHCTBa 3alMChIBAEM B CHCTEMY.
3) PemieHue maHHOW CUCTEMBI U OyIyT HCKOMBIE KO (HUITUCHTI
ABC, .. K
Jlanee 3amuchiBaeM IOJy4YEHHBIC YHCIIA B YHCIUTETN MPOCTEUITUX NpoOeH H
M0/I UHTETPaAJIOM BMECTO MPABHIBHON APOOH MOJTydaeM CyMMY MPOCTEHUIUX APOOei,

HHTCTPAJIbl OT KOTOPBIX U3BCCTHBI.

I A + B + c +...+ K x:AI dx +BI dx +CI dx +...+KI dx =
X—b, x-b, x-b, X—b, X—b, Xx—h, X —b, X—b,,

=AIn|x-Db, |[+Bn|x—b, |[+Cn|x—b, |[+..+Kn|x—-b, |+C.

[Tpumep
3
1) Beruuciutb J de
X°—X—-6
Pewenue.

B uyucnurene CTOUT MHOTOWIEH TPEThEM CTENEHU, a B 3HAMEHATENle — BTOPOU
CTENEHU. 3HAUUT, IpoOb HEMpaBUIbHAS, U HAJO BBIICIUTH LEYI0 YacTh IyTeM Jeje-
HUSL.

3 —
2x°+3 PV 4x-9

5 .
x2—x-6 x“°—x-6

[Tomyunnum uenyro 4acth: 2x+2 WM MPaBUIBHYIO 21p065124x—_96. Teneps HaOO
X —X—

Pa3NIOKUTh MPABWIBHYIO ApOoOL Ha mpocTeitmme. st 5Toro HaljaeM KOpHH MHOTO-

uJIeHa, CTOSAILETO B 3HAMEHATEJIE, T.€. PEIIUM ypaBHeHue: x> — x — 6=0.
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KopHu kBaapaTHOro ypasHeHus ax’+bx+c=0

—b++/b?-4ac

2a

HAXOZATCA 1O cIexyroumen Gopmyne: x,, =

[Tomygaem criemyronue KOpHU: X1=3, X2= -2.

3HaunT X2 — X — 6=(X — 3)(Xx+2), T.€. 24x_9 __ 49 4, B
x°=x-6 (x-3)(x+2) x-3 x+2

[TonyuenHsle npocTeliue Apoou +

IIPUBCACM K 061ueMy 3HaAMCHATC-
x—3 x+
JIF0, PACKPOEM B YHCIIUTENIC CKOOKH M CTPYIIITUPYEM ClIaracMblIe IO CTEIICHSM X.

A N B A(x+2)+B(x 3) Ax+2A+ Bx-3B x(A+B)+(2A 3B)
x-3 x+2 (x=3)(x+2) x?—x—6 x> —x—6

4x-9
[Tomy4yenHast ApoOb 10KHA OBITH paBHA IpoOU IR
X —X—

3HaMeHATeM y HUX PaBHBI, MIOATOMY HAJI0 JOOUTHCS PABEHCTBA UYMCIHMTEICH:
4x — 9=x(A+B)+(24 — 3B). IlpupaBHsieM K03(PPHUIUCHTHI IPH X ¥ CBOOOHBIC UICHBI
(6e3 x) u 3anMIIeM MOJTyYeHHBIC PABEHCTBA B BUJIC CHCTEMBI:

4=A+B
~9=24-3B

221 5, 01
PemuB cucremy, moiaydyum OTBET A_E’ B__E' [anee noacraBisieM MoJIy4eH-

%5, %

x3x+2x3x+2

HBIC YKCIIa B IPOCTEUIINE JpOoOH: Y BBIUYMCIISIEM MOJIYYECHHBIN

WHTETrpall.

Iﬂdx J.[ZX 2+4X—9jdx ZIXdX+ZIdx+I4X—9dXZ

x’—-x—-6 X°—X—-6 X°—X—-6

—2jde+2jdX+j[ // _}/de 2jxdx+2jdx+ dx 1p dx

X—3 54x+2
2 %k
=2X—+2x+2—1ln|x—3|—lln|x+2|+c:x2+2x+ln( )}/
2 5 5 (x+2)°
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3az[aq1/1 A CaMOCTOATCIIBHOI'O PCIICHU A

Brruncants.
1) X+1 2 dx _ 3 x> +2 dx -
J.x +3x+2 ’ )Ix2+x—6dx’ )J-x +9x+20 X
A X°—X+2 . x?2 +3x 5d . x® +x3 .
)I(x+nu_eXx+mdx’ 9% a 6) | =as oy 9%
2x4 +3x3 +1
dx .
7)I 2 _6x+8 X
OTBeTHL.
18
1) In|x+2/+C; 2) In SW/X_Z +C; 3) x+In (X+4)27 +C;
X+3 (x+5)
% x4 %
P T 5) X =27, ¢
kx+1xx+2y/\ (x+2)8

3
6) —+£x+5|n|x|+£ln|2x—]4+@In|2x+]4+C ;
12 16 64 64

7) x> +9x+38In|x—1|-235In | x+2|+24,5In | x—4|+C.

2° Ilycte MHOTOWIeH B 3HameHatelle Qn(X) MMeeT nelcTBUTENbHBIC KpaTHBIC
(T.c. MOBTOPSIOIINECS) KOPHHU:
x1:X2:...:Xk:b1, Xik+1=Xk+2=...=X|—= b2 o Xm—j == Xm,QZXm,lzbi.
Toraa MOXHO 3anucarb

Qm(¥)=(X — b)) (X — by)'~ K-...- (x—by) .

Hpobb R 3aMMIlEM B BUJIE:

Qn (X)
P _ ” P”()I() _ = A + A 2+...+Lk+
( _bl) (X_bz) '---'(X_bi)J X_bl (X_bl) (X_bl)
Qn (X)
Bl Bz Bl—k Kl Kz KJ‘
+ E— + +

+ b, " x b))’ +m+(x—b2)' +o b by’ +”'+—(x—bi)j :
Koadppunumentst A, Ay, ..., Ac, By, Bo,... B, ... \Ky, Ky, ..., Kj onpenensirorest Tak

e, Kak U B npeapiayiieM ciaydae (cM 1° myuktsr 1) — 3) ). Cineayer JUIIb OTMETHTD,

YTO B JIaHHOM Cllyyae OOIIUI 3HaMEHAaTeNlb CYMMBI MPOCTEHIINX ApoOeit — 3TO 3HaMe-

HaTeJIh UCXOAHOU IPOOH, T. €. MHOTOUJICH

Qm(¥)=(x = 1) (x — b2)' = *-...- (x — by) 1.
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[Ipumep
6x -9
1) Beraucnuthb I—stx.
(x+D°x
Pewenue.
HpoOs, cTosmas moa HHTErpajioM — MpaBUiIbHAs, T.K. B YUCIUTENIC CTOUT MHO-
ro4YjieH TEPBOTO, a B 3HAMEHATEJIE MATOTO MOpPsSAKa. 3HAYMT, PACKIAIbIBacM €€ Ha

npocreiiue Apoou. 3anuieM UCXOJHYI0 APoOb KaKk CyMMY IPOCTEHIINX TPOOeH:
6x-9 A B C D E

- + .
(x+1)°x®> x+1 (x+1)* x x* x°
[TonmyueHHblie poOH MPUBEACM K 00IIEMY 3HAMEHATEITIO

A N B E+R+£_A(x+1)x3+Bx3+C(x+l)2x2+D(x+l)2x+E(x+1)2
x+1 (x+1* x x* x° (x+1)%x° '

B gucauTene packpoem CKOOKH
A(x+1)x®>+Bx® +C(x+1)*x* + D(x+1)*x+ E(x+1)* _
(x+1)2x3

Ax* + Ax® +Bx® +Cx* +2Cx> +Cx? + Dx® +2Dx? + Dx + Ex? + 2Ex+ E
(x+1)°*x? '

[TpuBenem nomnoOHbIE

Ax* + Ax® +Bx® +Cx* +2Cx° + Cx* + Dx® +2Dx* + Dx + Ex® + 2EX+E _
(x+1)%x°

~ X*(A+C)+x*(A+B+2C+D)+x*(C+2D+E)+x(D+2E)+E
(x+1)%x° '

[TpupaBusieM K03 GUIIUESHTHI TPU OJMHAKOBBIX CTETICHIX X B MOJYyYEHHOM YHC-
JIATEIIE

X*(A+C)+x}(A+B+2C+D)+x*(C+2D+E)+x(D+2E)+E u Ko3(ppHIIHECHTHI HC-

XOIHOTO YUCIUTEIS 6X — 9. HonyquHLIe paBEHCTBA 3alUIIIEM B CUCTEMY:
A+C =0,
A+B+2C+D =0,

C+2D+E =0,
D +2E =6,

E=-9.

B ucxomHoM uucamtene ciaraembie x4, x° u x? OTCYTCTBOBaNIM, 3TO O3HAYACT,
4yTO KO3(P(UUMEHTH Tpu HUX ObutM paBHbl (. 3anuieM cUCTeMy pPaBEHCTB KO3 u-
LIUEHTOB IIPU COOTBETCTBYIOIIMNX CTEMEHSIX.

PemuB cucremy, nonyuum: A=-39,B=15C=39,D=24,E =-9.

27



28

3anuinem Nojgy4YeHHbIE Yhcia B MPOCTEHINE ApoOu:
-39 15 39 24 9

x+1 (x+1)2 x x° x*

[IpouHTErpUpy€EM MOTYUUBUIYIOCS CYMMY.

[ B9 g f[=2 LB/ 2 9,
(x+1)?(x—-2)? X+1 (x+1)2 x x> X

= —39_[Xd—jl+15j.(x +1)7? dx+39j'd—):(+24.|. x‘zdx—gj xdx =

x Y 15 24
:—39In|x+1|—15(x+1)‘1+39ln|x|—24x‘1+4,5x‘2+C=In(—j -
X+1 X+1 X
3aauM 11 CaMOCTOSITCIIbHOTO PEIICHUS
Berunciauts.
2 2 2 _
) [ X2 g gy KAy gy Sl
X(X° +2x+1) X(x-1) (x=1D)°(x+2)
4 2 2 _
4).'- 3X+5 dx: 5)'[ 3x +3;x +5 dx - 6)J X 22x+3
(x* =3x+2)? x® +3x% +3x+1 (x —1D(x* +2x +1)
3x 2
[ v
(x* +4x-5)?
OTBETHI.
2 4
1) In X +L+C; 2) In X |— 9 +C;
(x+1)| x+1 (x—1)3‘ x—1
43
3) |ng\/ 20 12 iC: 4) In(X—lJ 20 N 63 ‘c:
9(x-1) X—2 x-1 x-2
7 i 2 3 )
)——3x+8ln|x+]4+ —+C; 6) In‘w/x —1‘+—+C,
x+1 2(x+1)7° x+1
7) 2 XY 117 1

+——+
27" x+5| 36 x—1 36 x+5



3° Ilycte MHOrowieH B 3HameHartele Qm(X) MMeeT pasIuvHbIC KOMILICKCHBIC
KOPHH, T.€ PACKJIAJbIBACTCS HA MIPOU3BEICHUE MHOTOWICHOB, KaXK/IbId U3 KOTOPBIX HE
MMEET JICUCTBUTEIIbHBIX KOPHEH.
Torma
Qm(X)=(ao x*+aix+az)(bo X24+by X+by)-...-(Co X>+C1 X+C2) .

P, (X)
HpoOb 0. ()

m

3aIIMIIICM B BUJIC:

P.(x) _ P, (X) _
Qn(X) ~ (agx® +a,x+a,)(b,x* +b,x+b,)-...-(c,x* +¢,x+¢C,)

A X+ A, B,x+B, C,x+C,
=— +— ot —— :
a X" +a,x+a, byx“+bx+b, CoX” +C X+C,

B uucnutene npocredmmx ApoOel CTOST MHOTOWIEHBI, CTENEHb KOTOPBIX Ha
1 HKKe, YeM CTeIeHb 3HaMEHATeIs.

Koaddumumenter Ai, Az, Bi, B2 Bz, ... ,Ci, C, onpeaensroTcst Takke, Kak 1 B
panbie (cM 1° myHktel 1) — 3)). B nmanHOM ciydae oOIMM 3HaMeHaTejaeM OyieT

muorousieH Qm(X)=(aox?+awx+az)(bg X>+by X+by)-...-(Co X2+Cy X+C2) .

[Ipumep

2x% +7x+8 .
(x* +1D)(x* +2x+2)

1) Beruucnuthb j

Pewenue.
MHorousieHbl B 3HaMEHaTeJle HE MMEIOT JCHCTBUTENIBHBIX KOPHEW. 3amuiiem
MOJBIHTETPATIEHY IO poOb B BUJIE CyMMBbI MPOCTEUIIINX TpOOeii:

2x* +7x+8 _AX+A | Bx+B,
(P+D)(X*+2x+2) x*+1  x*+2x+2

. Iony4yennsie apoOM mpuBeneM K 00leMmy

Alx+A2+ BX+B,  (AX+A)X*+2x+2)+(Bx+B,)(X*+1)

5 . = 5 5 . B 4wucnu-
X“+1 X" +2x+2 (X*+1) (X" +2x+2)

3HAMCHATCIIIO:

(A X+ A))(X? +2x+2)+(B,x+B,)(x* +1) _

TeJIe PACKPOEM CKOOKHU:
backp (x> +D)(x* +2x+2)

A H2AXE +2A X+ A X +2A,x+2A, +B X + B x+B,x* +B,
(x2 +1)(x? +2x+2) '
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[TpuBenem nmonobHbIE

A XS +2A X2 +2A X+ A X2 +2A,X+2A, + B X* + B x+B,x* +B,
(x> +1)(x* +2x+2)

_X (A +B)+x*(2A + A, +B, )+x(2Al+2A2+B)+(2A2+B)
(X2 +1)(X* +2x +2)

Jlanee kak W B MPEIbIAYIIUX MPUMEpax 3alluIleM CUCTEMY YpaBHEHUU I KO-
s ummenTos A1, A2, B, Ba.
A +B, =0,
2A +A, +B, =2,
2A +2A,+B, =7,
2A, +B, =8.

PemmB cucremy, nomyuuMm: A1= - 1, A, =4, B1=1, B>,=0.

Tenepb 3alIMIIeM IMOJYYHBIIUCCA I[pO6I/I B TOJABIHTCTPAJIBHOC BBIPAKCHHC

I (_ X+4, X jdx ITepByio apoOb —

4
> > pa36HBaeM Ha JIBa CJIara€éMbIX, IJId
X“+1 X°+Xx+2

x% +1

TOr0, 4TOOBI B MEPBOM U3 HUX BHECTU X MOJ 3HaK auddepeHinana, a BTOpoe a0

TaOIMYHBIN MHTETpa.

—X+4 —X 4 xdx
-[x2+1dxzj(x +1 x2 +1)d B J‘x2+1+ J.x +1___jx +1 J.x 1

= —% In (x2 +1)+ 4arctg(x) +C.

Btopyto n1poOs uHTErpupyem Kak JIpoOb, COAEPIKAIIYI0 KBaJAPATHBIA TPEXUICH
(cm. 1.6).

X t=x+1 t-1 tolt dt 1. dt? dt
X gx= L - _= - -
-[x2+2x+2 {x=t—l,dx:dt} J‘t2+1 J.t2+1 J.t2+1 2It2+1 J.t2+l

= % In(t2 +1)—arctg(t)+C = % In(x2 +2x+2)— arctg(x+1)+C.

OcTanock CI0KHUThH IMOJIYUCHHBIC PC3YJIbTAThI

_[ 2x% +7x+8

dx:—lln‘x2 +]J+4arctgx+lln‘x2 +2x+2‘—arctg(x+l)+C .
(x® +1)(x* +2x+2) 2 2

30



321,[[3‘—11/1 JJI1 CaMOCTOATCIIBHOI'O PCIIICHM A

BeranucianTe.
dx

1) | —————;

) I X(x% +1)

4 4d
)Ix +6x%+8

X .
6) j(x+1)2(x2 +1)

3x? +2x+1
)I 3x+4

OTBETHI.

X

Vx?+1

3) In 4/X_1
X+1

5) In|x—]4+§ln‘x2 —x+2‘—

1) In +C;

+%arctg(x) +C;

—7arctg -1 ¢ ;
14

2) [ ) [

2Xx% —3x+2
) j(x—l)(x2 —X+2)

X° +2x° +4x+4
7 dx
) I x* +2x3 +2x°

9
) -[1+x
2 2X +

2) Inls|—> |+~ arct C:

)In x2+x+1+\/§arcg(\/_j

2

4) In X_+4 Earct (—j—iarct (—j+c,

MM e 2 7

7

2 2

6) In4,/(x+1) 1 c 7) X ox-242n x2+2x+2‘—2arctg(x+1)+C;

x2+1 | 2(x+1) 2 X

11 11 2x—-3
8) 3x+=—In|{x* —3x +4|+— arct +C;
) 35 7 g[ ﬁJ

Vx?—=x+1| 5 -

9) In|—————|+—=arcty +C.

X+1 J3

4° Tlycth MHOTOWICH B 3HaMeHaTele Qn(X) umeer kpaTHbIC (TOBTOPSIFOIIUAECS)

KOMIIJICKCHBIC KOPHH, T.C PaCKIaAbIBACTCA HAa MHOI'OYJICHLI, KOTOPBIC MOI'YT ITOBTO-

pATHCSL.

Qm(X)Z(aox2+a1x+a2)k (bo X2+b1 X+h, )I

(Co X2+Cy X+C ) J, k+1+...+j=m.
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P (x
Hpob6n P09 3alUIIEM B BUJE:
X

m

P(X) _ P, (X)
Q. (X) ~ (a,x* +a,x+a,)  (byx* +b,x+b,)" -...-(C,x* +¢,x +.C, )]

A X+ A, N AX+ A, - Ay X+ A,

Cagxidax+a, (axP+ax+a,)? | (apx’+ax+a,)
B,x+ B, N B,x+B, - B, ;x+ B, .
byx? +b,x+h, (byx* +b,x+b,)? (b,x* +b,x +b,)"
C,x+C, N C,x+C, Cyj X +Cy,

+ ... -,
CoX” +C,X+C, (CoX* +CX+C,)° (CoX* +¢,x+¢C,)’
Koadduuuentst Ay, Ay,,... ,Ax , B1, B2 ,Bs, ...B21 ,Cyq, Cy, ..., Cyj onipenenstoTes
TakK ’ke, Kak U B PACCMOTPEHHBIX BBIIIIE CITydasX.

B pPE3YJIbTaTc pa36I/I€HI/I$I Ha HpOCTGﬁHIHG I[pO6I/I MOXKCT ITOABUTHCS I[p06b BHA

Mx+ N
(ax? +bx+c)*

HuTerpupoBanue Takoi ApoOH BBIIIE HE PACCMATPUBAIIOCH.

Mx+ N

Brraucnenue uHTErpaia oT Apoou BUIa - -
(ax® +bx+c)

1) BeblgenuMm B 3HaMEHATENE MOJHBINA KBaJapaT BBIPAKEHUS, CTOAIICTO B CKOO-

2
Kax: ax2+bx+c:a{(x+£j +(E— bzﬂ.
2a a 4da

2) Cnenaem 3aMeHy t = x+2£ , TOrIa X :t—2£ u dx=dt. O0o3HaYMM I Kpat-
a a

KOCTH (E— sz = g-.

a 4a

3) IloacraBuM 3aMeHY B TOJBIHTETPAILHOE BBIPAKEHUE:

=y 2 M(t—bj+N Mt+(N—Mb)
Mx+N 3 2a 1 2a q 1 2a
,[ 2 . p kdX_ b __,[ 2 21Kk t__I 2 21k
(ax” +bx+c) Xx=t—— dx=dt| & (t°+q°) a (t°+q°)
2a

Taxoke niis 6osiee y100HOTO BOCIIPUSATHS 0003HAYUM (N —'\Zﬂ—bj =K.
a

32



4) Tlony4yuBIIWICS ~ WHTETpaJl  pacHuIIeM Kak CyMMy  HHTETPaJiOB

J. I:/It_'_!(k t= J. 2 t2kdt+KI 2dt2k'
t°+9°) (t°+q°) t°+q°)
5) B nepBoM HHTErpaje B pe3yibTare BHeceHHs t mox 3Hak auddepeHipana,

MOJTy4YrUM TaOJTUYHBIN HHTETPAI

t 1 dt? 1 ) 1(t? +q°) "
—  dt=—= = (t? 2y kg (t? y=Z2\ 47 LC.

6) BTopoii MHTErpaT YMHOKHM U Pa3ieuM Ha (2

dt 1 q
SIS B B
J(tz +q%)*  ¢? J(tz +q°)*
7) Nanee B upciuTese NpUOaBUM U OTHUMEM t2:

J.(t +Q) t?

e e
q° (t2+q2) (t* +9%)"

8) [TosryueHHyto ApoOb NPEJCTABUM B BUIEC CYMMBI:

(t* +9%)- t2 1 ¢ t*+q? 1 t?
_I _[ 2 . 2\K ___[ o dt=
(t* +g°)" (t°+q°) (t°+q°)

1 dt 1 t?
= = [———dt
'[(t2+q2)k_l J-(t2+q2)k

9) Bropyto 1po0b MPOUHTETPUPYEM 10 YACTSIM

2 ‘ot u=t, du=dt

= R 1dt (2 +gH)* | =

J-(t2+qz)k dv=— V= 20—k
(t"+q°) (1-k)

t
dt
J.(tZ +q2)k

(P +g)™ 1 I dt
o 2(1-k) 2(1-k)J (t2 +q2)* Y

10) ITpocymmupyeM pe3yIbTaThi:

J. dt _ij‘ dt _t(t2+q2)"‘”+ 1 J‘ dt
(t* +9°)" (40" 21-K)a®  2(1-k)a® (t*+q*)
Takum oOpazoM B myHKTax 8) u 9) unrerpai _[ ) ObLJT BBIpAXKEH Yepe3
+q
UHTETpal IL
(t2 +q2)k—l !
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[Ipumep

4x° +8x? +11x +4
(x® +2x+2)%x

1) Berauciuth J

Pewenue.
[IpencraBuM UCXOHYIO APOOB B BUAEC CYMMBI IPOCTEUIIINX TPOOCH:

4x° +8x? +11x+4  Ax+B Cx+D E

= + :
(X* +2x+2)°x  x*+2x+2 (X*+2x+2)* X

[TpuBenem npocreiinme Apodu K o01IeMy 3HAMEHATEIO:

Ax+B | Cx+D +E_(Ax+B)(x2+2x+2)+(Cx+D)x+E(x2+2x+2)2
X2 +2x+2 (x2+42x+2)% X (X2 +2x+2)%x '

(AX+B)(X® +2x+2) +(Cx+ D)x+ E(x* +2x+2)* _

B uucnurene packpoeM cKOOKH > ;
(X“+2x+2)°x

Ax* +2Ax3 +2Ax?% + Bx® +2Bx?% +2BX +Cx? + Dx + Ex* + 4Ex? + 4E + 4Ex® + 4Ex
(x> +2x+2)*x

Y TIPUBEJIEM MOI00HBIE

Ax* +2Ax° +2Ax* + Bx® +2Bx* +2Bx + Cx? + Dx + Ex* + 4Ex® + 4E + 4Ex° +4Ex _
(x> +2x+2)*x

_ X*(A+E)+x*(2A+B+4E)+ x*(2A+2B+C+4E)+ x(2B+ D +4E) +4E
(x? +2x+2)%x '

[TpupaBHsieM monydeHHbIE B yucauTene KodhPUIueHTsl u KodPPUIueHTs uc-
XOJTHO YHACTUTEIS:

A+E =0,
2A+B+4E =4,
2A+2B+C +4E =8,
2B+ D+4E =11,
4E = 4.

PemuB nannyro cuctemy, moiydyum 3HadeHus: kodddumnuentoB A = — 1, B = 2,

C=2,D =3, E=1.3anumem nonxydyeHHble KO3YPUIUEHTHI B YUCIUTEIU MPOCTEH-

4x% +8x% +11x + 4 —X+2 2X + 3 1
= +>= W pacCMOTPUM CYMMY

IUX JIpooOei = -
AP (X> +2x+2)°x X2 +2x+2 (X" +2x+2)* X

—X+2 dx+_[ 2X+3 %

HHTCTPAJIOB: I (X2 +2X+2)2 + x

X2 +2x+2
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[lepBsiii nHTETpa OBLIT paccMOTpeH B 3°.

— t=x+1 —
,[ : X+2 j- —X+2 _ =J~ 2t+3dt=—J 2t dt+3I 2dt _
X +2x+2 (x+1)° +1 x=t-1dx=dt t°+1 t°+1 t°+1

1 1
=—= =—=1In(t*> +1) +3arctg(t) +C = — = In( x? +2x + 3) + 3arctg(x +1) + C.
jt+1121 S In(t* +1) 9(t) S In( ) g(x+1)

Brtopoit unTerpan paccmMoTpum Ooisiee moapoOHO. B 3HameHarene BbLAETUM
TIOJIHBIM KBAJIPAT BBIPAKECHUSI, CTOAIIETO B CKOOKax: X?+2Xx+2= (x +1)2 +1 ¥ crueilaeMm

3ameny t=x+1.

J' 2x+3 dx = t=x+1 _J' 2t+1 dt
(x* +2x+2)° x=t-1dx=dt (t* +1)°

Pazo6pem IIOJIyYEHHBIN UHTETpAll Ha CyMMY UHTETPAJIOB
jﬂ dt —I 2 dt +j dt Y PACCMOTPUM KaXKIbI U3 HUX OTIEIBHO
(t* +1)? (t* +1)? (t* +1)? '

Nurerpan I (« 2t1)2 dt BbIYMCIIAETCS MyTeM BHeceHUs: t mo 3Hak quddepeHim-
+

o [ 2 a [ [ e e

(t° +1) (t*+1D* t*+1 X2 +2X+2

B unTerpaine I B YHCJIUTENE IPUOABUM M OTHUMEM 12

(t* +1)?

1+t% -t?
Iaz+nzzfaz+nz

Jlanee pazobbeM nonyquHmﬁ WHTETpaj Ha JIBa
2
J‘l+t J- 1+t° J- 21’ : it
(t* +1)° (t* +1)° (t°+1)

HepBI)II/I N3 KOTOPBIX TaOJIMYHBIHA '[

=arctg(t) +C =arctg(x+1)+C.

2 u=t,du=dt B

-t 1
+—arctg(t) +C .
2(t 1) 2 9O
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Takum 00pa3om, BTOpOW UHTETpal

J' 2X+3 dx = t=x+1 _J' 2t +1 dt =
(x2+2x+2)%  |x=t-ldx=dt| J(@t2+1)°

2 2 _ _
A [ [t die g - | aretg() |+ C =
(t°+1) (t°+1) (t°+2) t°+1 2(t°+1) 2
-2+t 1 x—-1 1
= +—arctg(t) +C=—+ —arctg(x +1) + C.
t2+1 2 9t X2 +2x+2 2 9 )

Tenepb CBCIACM BCC PC3YJIbTAaThl BOCANHO!

4x° +8x? +11x + 4 —X+2 2X + 3 dx
I dx:I dx+I dx+j7:

(X? +2x +2)°x X% +2X + 2 (X? +2x +2)°

= —% In (x2 +2x+2)+ 3arctg(x +1)+2X;1+%arctg(x +1D)+In|x|+C=

X +2X+2
:In;+zarctg(x+1)+2x;l+c.
1,X2+2X+2 2 X°+2X+2
3amauu Qs CaMOCTOSATEIHLHOTO DENICHUS.
Boeruucanrs.
J. 22X+4 de; 2 J' 22X—3 g .
(X° +4x+5) (X“ +4x+5)
J- 3x+5
(x> +2x+3)°
OTBETHI.
1 1 7 7 X+2
1) -——— +C; 2) ———  ——arctg(x+2)————+C
) X% +4x+5 ) X% +4x+5 2 o ) 2 X?+4x+5
3) _3. - ! 1 2X+1 Jrﬁarctgx—+1 +C.
2 Xx2+2x+3 2 x2+2x+3 4 J2



3.3. Humezpuposanue mpuzonomempuueckux )yHkuuil

Crioco0 BBIYMCIICHUS HHTCIpajia OT BBIPAKCHUA, COACPIKAIICTO TPUTOHOMCTPU-

4YeCcKyI0 (DYHKIIMIO, 3aBUCHUT OT BUJA MOJBIHTETPATbHOU (PYHKITUH.

1° j f (sin x, cos x)dx

B 3TOM cityyae Hago npu MOMOIIY YHUBEPCAIBHOW TPUTOHOMETPUYECKON MOM-

2tg(y) 1—tgz(y)
; CQin y— 2 — 2
CTAHOBKHM BBIPA3UTh SIN X 1 COS X yepes tg |y, ): sin X= , COS X= (cm.
(A) 1+tgzi%) 1+tgzi%)
[Tpunoxenue). YtoObl noabIHTErpaibHas GyHKUIUS HE ObLIa CIMIIKOM T'POMO3AKON U

HEeyA0OHOM I UHTETPUPOBAHUS MPOU3BOAUTCS Cleaytolas 3aMeHa: t=1tg (% ), T.C.

1
1+t2

x=2arctg t, rorma dx=2-d(arctg t)=2 dt. B mosryuuBIeiicst B pe3ysibTaTe HHTCTPU-

poBanus (YHKIIMU OT nepeMeHHOoM t Haslo mepelTu 0OpaTHO K tg (%)

YHuBepcanbHas TPUTOHOMETPUUYECKAs MTOACTAHOBKA MOYKET MCIIOJIB30BATHCS BO
BCEX CITy4asiX, KOTJ/Ia MOABIHTErpaibHass (GYHKIUS COACPIKUT SIN X Win COS X , HO TIPU
9TOM MOTYT IOJy4aThbCsl CJIOXKHBIE IOJABIHTEIPAIBHBIE BBIPAXKEHUS, II03TOMY HMHOIAA

UCIIOJIB3YIOT IpyTUE NnpueMsl (cMm. 2°, 3°).

[Ipumep

1) Beruucnurs Ii
sin x
Pewenue.
Jlemaem 3aMeHy, OMTMCAHHYIO BHIIIIE.
2dt
X/ )=t x = el
dx tg(/z)—t’x—za“’tgt L1+ p20+tP)dt ot

= - _—=|tC=|tX]c.
sin x dxzz_dt 2t I2t(1+t2) t Nt + n‘g(é *
1+t2 1+t2
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33[[3‘-11/1 A CaMOCTOATCIIBHOI'O PCIIICHU A

Beruucnurs.

)J‘ dx Z)J- COoS X dx B)J- dx

4sin X +3C0s X+5 sin X+ 4sin xcos X 1-sinx

OTBETHI.

1) _ﬁiﬁw; 2) %In‘tg(%]+%ln‘3tg2(%)—5‘+C;
2
3) —W+C.

2° j f (sin " x,cos™ x)dx; J' f (sin® x,cos™™" x)dx.

B uHTerpanax sroro Buja Haubosee yaoO0HO BHECTH IMOJ 3HaK auddepeHnmana
(yHKIUIO, CTOSIIIYIO B HEUETHOU CTENEHU, a OCTABIIYIOCS MOABIHTETPAIbHYIO (PyHK-

LMIO MIPUBECTH K TOM (PYHKLIMH, KOTOpasi TENepb CTOMT MOJI 3HAKOM Iuddepennmana.

Ecnu I f (sin **** x,cos® x)dx, Torma

sin?*Ixdx=sin?x-sin xdx= sin?x-(— dcos x)= — sin?x-dcos x
U BCIO MOJBIHTETPAIbHYIO (DYHKITUIO HAJI0 CBECTH K (DYHKIIMH, 3aBUCSIICH TOJBKO OT

COSX.

Ecnu xe j f (sin > x,cos*™* x)dx, To €0s?"xdx=cos?" x-cos x = cos?" x-dsin X,

a B TOJBIHTErPabHON (DYHKIIMM BCE TPUTOHOMETPUUYECKHE (DYHKIIMH BBIPAKAIOTCS

gepes Sin X.

2k+1 2n+1

Taxke uMHTErpaabl BHIA I f (sin** x,cos™" x)dx u J-f(sin2k X,c08°™ X)dX MOXKHO

pemarh ¢ MOMOIIbIO 3aMEHbl NepeMeHHOW. B 3ToM ciyyae 3a HOBYIO NMEPEMEHHYIO

IIPUHUMACTCA (bYHKHI/IH, HECTOAIIAaA B HEUETHOM CTEICHU.

2k+1

B unTerpane I f (sin** x,cos™ X)dx B HEYETHOM CTEIEHH HE CTOMT COS X, 3HAYUT,

1
1-t2

neiaeM 3aMeny t=Co0s X, Toraa x=arccos t, dx=d(arccos t)=- dt.
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. . k+1
HanomuuMm, 4to Sin X=+1—cos? x (cM. Ipunosxkenue), a sin®*1x= (\/1—cos2 x)2 :

B unTerpaie j f (sin®* x,cos?™ x)dx B HEYETHOM CTEIEHM HE CTOMT SiN X, 3HAYMT,

1

V1-h?
n+1
c0S X=+1-sin?x (cm. Ilpunoxenue), a Cos>"ix= (\/1—sin2 x)2

nemaeM 3ameny h=sin x, rorga x=arcsin h, dx=d(arcsin h)= dh . HamomunMm, 4To

[Ipumep

3

1) Berauciuth J. X dx.

cos? X
Pewenue.
B mannom mpuMepe SiN X CTOUT B HEUETHOW CTEIEHH, IIOITOMY €r0 U BHOCHUM

nox qudepenman: sin® x=sin? x-sin xdx=sin? xd(- cos x)= — sin? xd(cos X).

N2
sm sin? x
I = [sin xdx = —d cos x| = _[ —(-dcosX).
cos’ X cos’ X

Temneps SiN? X B uucauTENE BRIPa3sUM depes COS X: Sin? x=1 — cos? X (cm. Ipuio-

YKEHUE).
sin? x 1-cos® x _ cos®x
J' (- dcosx)——J'—zdcosx——J' dcosx =
cos? x cos” X cos’x cos’®x

-1
=—I( 12 —1)dcosx:—qcos2 xdcosx—jdcosx):—(coS X—cosxj+C:L+cosx+C.
Cos” X 1 COos X

Pemmim 3TOT %K€ mpuMep ¢ MOMOLIBIO 3aMEHBI NIEPEMEHHON. B moasIHTErpans-

HOM (DyHKIIMY B YETHOM CTEIEHH CTOMT COS X: COS ~2X.

Jlenaem 3ameny t=C0s X, dx=- —dt.
1-t
sin° x t=cosx = =g
Icoszxdxz dx=- dt ZI 2 | it dtz_'[ t? =
1-t? 1-t

2
= jl t dt——j(——l)dt——(—l—t)+c—1+t+C—L+cosx+C.
t? t t COS X

Kak u crnenoBasio 0kuaath, pe3ynbTaThl B IIEPBOM M BTOPOM CIIy4ae MOJIy4H-

JINCHh OANHAKOBBIMH.
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2) Boruuciauth jcosS X~/sin xdx .

Pewenue.

DTOT UHTETpas TOKE BBIYMCIUM JBYMSI CIIOCOOAMU: BHECEHHUEM TOJ 3HAK JU-
(dhepeHIMana U 3aMEHOU IePEeMEHHO.

Paccmotpum cHavana BHeceHue moj 3Hak nuddepeniuana. B moapHTErpais-
HOM ()YHKIIMM B HEUETHOM CTENEHU CTOUT COS X, MOITOMY €ro BHOCHM mona audde-
peniman: cos® xdx=cos? x-cos xdx= cos? x-dsin x.

_[cos3 X~/sin xdx = J.cos2 X~/sin xd sin x .

Jlanee BBIpasuM COS? X uepes sin X: €0s? X=1 — sin? X (cm. [Ipunoxenue).

J‘cos2 x+/sin xd sin x = J'(l—sin2 X N'sin xd sin x = J'(\/sin X —sin? x+/sin x)d sin x =

% 7
=J'(sin%x—sin%x)dsinx:Sln X _sin X+C:%sin%x—§sin%x+c.

2

N | w
\‘

Tenepb BBIYHUCIIUM 3TOT HHTCI'PAJ C IIOMOIIBIO 3aMCHBI HepeMeHHOﬁ.

B nobIHTErpaibHO (PYHKIMK B HEUETHOMH CTETeHU He cTOMT Sin X: sinY 2x.

JlemaeMm 3ameny: h=sin x, dx= ! dh.
1-h?
_ h =sin x 1
[ cos® x+/sin xdx = gy 11h2 dh :I(\/l—hz)zx/ﬁmdhzj'(\/l—hz)zx/ﬁdh:
3 7
:J'(l—hz)\/ﬁdh=J.(\/ﬁ—h2\/ﬁ)dhzj'(h%—h%jdh:%—¥+C=
2 2

:gh% —%h%+C:gsin%x—§sin%x+C.
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MOHIKEHUS CTENEHU: SiN2X=

321,[[3‘—11/1 JJI1 CaMOCTOATCIIBHOI'O PCIIICHU A

BeranucianTe.

1) jsin X c0s? Xdx;

sin® x
D st
cos x-3/cos x

7 .[ COS X
COoS 2x

OTBETHI.

3
1) _Cos” X
3

+C;

=5 4 =9
sin>x 2sin’ X sin” x
3) —~ +

+C;
5 7 9

5) isin x—isin 3x+C;
16 48

V2 \/_SInX 1

7 __| +C.

° _[f(sin 2 x,cos” x)dx , k>0, n>0.

2) J'cos3 xdx;

2) sin x—

5) _[0033 xsin® xdx; 6) ICOS X4

SIn~ X

sin® x

+C;

4) 3cos 2 x+gcos% X+C;

-1 2 1 .
- 5 + - 3 - - +Cl
5sin>x 3sin°x SIh X

3) _[sin“ X c0s° Xdx;

Jlyist Toro, 4TOOBI YIPOCTUTH MHTErPaibl JAHHOTO BUJA MPUMEHSIOT (HOPMYIIBI

1—cos2x
278X cos2x=

1+cos2x

Takum 00pa3om, Bce MOABIHTETPAIbHOE BBIPAKEHHE CBOJAUTCA K (PYHKIMU OT

cos(2x) u quddepentrany d(cCos 2X).

[Ipumep

1) Beraucauts jcosz xdx.

Pewenue.

Icosz xdx=.|.M =—.|. (1+cos2x)d

2

=1x+isin2x+c.
2 4

qu+j0032xdx) ;(x+%sin 2x)+C =
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33[[3‘-11/1 A1 CaMOCTOATCIIBHOI'O PCIIICHM A

Broruauciants.

1) J'cos“ xdx 2) J'sinz x cos? Xdx; 3) J'sine xdx;

4) |sin* xcos* xdx; 5) | cos’ 5jdx.

)| ) feos3

OTBeTHI.

1) L ginax+3x+Lsin 2x+C; 2) lx—isin4x+C;
32 8 4 8 32

3) Ex+£sin 2x+isin 4x—ls,in3 2x+C; 4) 3 x— 4x il 8x +C;
8 16 64 6 128 128 2048

5) 3+ Lsinx+-Lsin 2x4C.
8 2 16

4° I f (sin* x,cos™ x)dx , k-n<O0.

Ecnu B mHTErpanax JaHHOTO BUAA MPUOETHYTH K MPEAbIIYIIEMY METOY pele-
HUS, TO MOJABIHTErpalibHasl (PYHKLHS YCIOXKHHUTCS. 3A€Ch 1ieJecoo0pa3Hee UCIOIb30-

sin X COS X
BaTh clieaytoiee mpeoOpazoBanue: tg X=—— wim Cctg X=—— (cm. [Ipunoxenue).

COS X sin x

Takum 00pa3oM, Bcsa MOABIHTETpaAJIbHAS (DYHKIUS CTAaHOBUTCS (PyHKUUEN oT tg X uiun
ot ctg X. [anee, yToOBI yIPOCTUTH BUJ HHTETPUPYEMOTO BBIPAXKEHHUS, AETAEM 3aMEHY
i 1g X:

1
1+ p?

p=tg X, Toraa X=arctg p u dx=d(arctg p)= dp.

JIubo s ctg X: g=ctg X, Torma x=arcctg q u dx=d(arcctg q)= — . L ~dg.
+q

B pesynbprare uHTErpUpOoBaHUs NoJIydaeM (QYHKILHIO, 3aBUCSIIYIO OT P WIH (, U

BO3BpAIAEMCS K N3HAYAIBHOM ITEPEMEHHOM X: P=tg X mym (=cCtg X.
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[Ipumep

2

1) Beruucnuth I X dx.
cos” x
Pemnienue.
" p = tgx, X = arctgp
'[Sln4xd —_[ sin” X. dx = It dx = Itg X-(L+tg*x)dx = dx = dp =
cos” X cos? X cos? X cos? X X—1+ 2
P
p tg°x
f p’dp=—+C= +C.
3
3a1a9u JJIs1 CAMOCTOSTEIBHOTO PEIICHUS
Brerancnuts.
. =2
1) J-sm x . 2).[ S|n2x2 dx 3)J 5|r_1 2x dx
cos® x 1+4cos” x (L-sin“ x)
OTBeTHI.
5 3
1) t95X+C; 2) —%In‘1+4cos2 X|+C; 3) g x

Cnucok aureparypsl

1. [InotaukoB, M.I'. Marematuyeckuit ananus: yueOnoe nocooue / M.I'. Ilnot-
HukoB, FO.A. IInorumkoBa. — Bonorma-Monounoe: Bomoroackas I'MXA, 2015. —
165 c.

2. IInotaukoBa, FO.A. Co3iaHre TECTOBBIX BOIIPOCOB C MapameTpamMu sl Ma-
tematudeckux auciuiinH B cpere MOODLE // Mexnaynapoanas KoH(pepeHIus, mo-

cesmenHas 100-netuto co qus poxaenus C.I. Kpeiina. MaTtepuansl KoHQEpeHITUN. —

Boponex: Bol'Y, 2017. C. 154-156.
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IMpuioxenue

Tabnuia uaTErpaion

a+l X

jxadx:x +C; J‘axdx:a +C; Iexdx=ex+C;
a+l Ina
.[%:In|x|+C; .[sinxdx:—cosx+C; .[cosxdx=sinx+C;
X
_ dx _ :
j ,— =1tgx+C; .[-2 =—Cctgx+C; 'ftgxdx:—lnlcosx|+C,
Cos” X sin © x
. ) dx X ) dx X _
Ictgxdx:ln|5|nx|+C, ——=Ihtg—|+C,; ——=hitg| =+— ||+ C;
sin X COS X 2 4
dx 1 X dx 1, (x—a X
=—arctg—+C; =—1In +C; _arc5|n—+C
-[x2+a2 a9y J-xz—a2 2a |x+a I,/

J~ dx
VX2 £ A
I\/x +a’dx== \/x + a2 +§In‘x+

x*> +a’

2
=|”‘X+\/X2 iA‘+C; J\/a2 —xzdx=§\/a2 —x? +a7arcsin§+C;
a

+C.

Tpuronomerpuyeckure GopMyJibl

cos?o + sin‘a = 1;
sin 2a=2sina cosa;

sina sinf= ; (cos(a - B)-cos(a+p));

sina cosp= ; (sin(a+p)+sin(a-p));

cos(a =+ f)=cosa cosp F sina sing,
sin a+sing =2sin (Mj cos (ﬂj ;
2 2

sina — sinf=2sin (a_ﬂjcos(aJr’Bj;
2 2

44

sin o Ccosa
—— =lgo; - =clga;
CoS & sin «

cos 2a=c0s%a — sin®a=1-2sin%a=2cos% — 1:

c0So. Cosp= ; (cos(a+p)+cos(a-p));

2, — .
1+ tg°a = 5
Cos“ o
sin(a £ f)=sina cosp + cosa Sing;

CoSa+C0Sf=2c0S [#j cos (%) ;

CoSa — COSp= Zsin[a al ﬂjsin[a _ ’BJ.
2 2




YHUBGPCClJlea}Z mpucoHomempuiecKkas

( ) nodcmanoek(a ) ( )
298] 19t (%) g%y
smx_1thgz % : COSX_1+tg2 % : tgx_l_tgz A .

Tabmuna 1

Tabnuia 3HaYeHUN TPUTOHOMETPUUYECKUX (PYHKIIHIMA

I'pagycer 0 30 45 60 | 90 120 135 150 | 180
Panuanbl 0 % % 7 3 % 2% 3% 5% T
sin 0 1 E ﬁ 1 ﬁ 2 1 0
2 2 2 2 2 2
cos 1 ﬁ E l 0 — l — ﬁ — ﬁ -1
2 2 2 2 2 2
t o | 2115 e N R
L o | _ ) _
: 3 ) 73
ct J3 |1 L 0 L 1 3
0 - _— - — -00
: 3 13

I'panycer | 210 225 240 | 270 | 300 315 330 | 360

Pagnansr 7% 5% 4% 3% 5% 7% 11% 2n

sin _l _i _E -1 \3 _£ _E 0
2 2 2 2 2 2

cos x/g _E _l 0 E E ﬁ 1
2 2 2 2 2
1

2
1
tg N 1 J3 | o | =3 -1 7 0
1

ct 1 0 - -1 -
g \/§ x/g x/§ 3 o0
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NuaauBuayajbHble 3aJaHUSL JISI CAMOCTOSITEIbHOM PadO0ThI CTY1€eHTOB

BapuaHTsl 3a1aHMid 10 TeMaM

Banaqa 1. Berauciauthb HCOIIPCACICHHBIC UHTCTPAJIbI.

1.1.

1.3.

1.5.

1.7.

1.9.

1.11.
1.13. [

1.15.

1.10. [

1.21.
1.23. [

1.25. [

1.27. [
1.29.

1.31.

46

(
(x2
[ (2x~5)cos4xax.
(
(
V2~

:(4—3x)e‘3xdx.
:(3x +4)e™dx.
:(4—16x)sin AxdXx.
:(1— 6x)e*dx.
:In(4x2 +1)dx.

.arctg\/Gx —1dx.

e~ (2-9x)dx.

' arctg+/3x —1dx.

117. [

5x + 6)cos 2xdx.

X +5)sin 3xdx.

4X + 3)3|n 5xdXx.

)sin 3xdx.

~ Xdx
Jsin?x

- XCOS Xdx

sin®x

XA/2 — 3)cos 2xdX.

1.2.

1.4.

1.6.

1.8.

1.10.
1.12. [
1.14.

1.16.

: arctg~/4x —1dx.
_'(4x —2)cos 2xdx.
_'(5x —2)e¥dx.
_.In(x2 + 4)dx.

'(2 —4x)sin 2xdx.

e (4x—3)dx.

'arctg\/Zx —1dx.
'arctg\/5x —1dx.

1.18.I(Sx —2)cos5xdx.

1.20. [

1.22.
1.24. [

1.26. [

1.28.

1.30. |

(

:(8 3x)cos5xdx.
(
(

4X + 7)cos 3xdx.

2 —3X )sin 2XdX.

7X— lo)sm 4xdx.

- Xdx
J cos? X

xsin? xdx.



3amaua 3. Haiitu HeonpeieIeHHbIE HHTETPabI.

31 J' dx
XA/ X% +1

33_“ dx
RSN

35 ,[ xdx
VX XE+1

3.7. jtg xIn cos xdx.

Sin X —COS X
3.11. j
(cosx +sin x)

- X3+ X

dx.
S xt+1

3.13.

D (0)¢
J3x-1

(x +1)dx
A7 I(x 343x+1)°

3.15.

3

3.19. j dx.

X +4

2C0S X + 3sin x
3.21. j

(2sin x —3cos x)*

(),

3.23. [ (\/§+x)2

dx.

39 jl+)l(nx

2 2
X +1Inx
3.4. I—dx.
X

3
- J(arccosx) -1

dx.
1—x?
3 J- tggX'i'l) dX
cos®(x+1)
310',[ 1_C_OSX2d
(X —=sinXx)
312 Ixcosx+5|2n de.
(xsinx)
a14 [ xdx

T o -1

cl+1In(x-1) dx
x-1

3.16.

4arctg X — X
3.18.J g

1+ X2 ax.

X + COS X
3.20. Iz—_dx.
X+ 2sIn X

8x —arctg 2x
3.22. | —

dx.
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3.25. j

3.27.

3.29.

x+ﬂx
VX +1

-arctg X + X
1+ x?

dx.

'X3

dx.

Jx?+1

3.31. j \/_(;/:1)

3.26. j XX 4y

3.28

3.30

3agaya 5. Haiitu HeonpeeIeHHbIE MHTETPAIbI.

5.0 [ X Loy,
X —x
] 3_
Y X" —4Xx+3
- 2x° -1
55. | = dx.
X+ X—6
s [ X3 +2x%+3 dx
S (x=1)(x=2)(x-3) '
59. [ X dx
T (x=1)(x+1)(x+2) '
- x3-3x*-12
5.11. dx.
T (x—4)(x—3)x
3x° -2
5.13. | ———dx.
Joxd—x
. 5_ 3
5.15. X—X+1dx.
JoxP—x
< 2x° —8x%+3
5.17. dx.
X? —2X

48

3

. 3
5.2. 3x2 +1dx.
Y x° -1
- 2x3+5
5.4. | XZ—X—ZdX'
. 3
5.6. ?X—JFZde.
X +3X+2
sa [ 3 +2x% +1 d
I (x+2)(x=2)(x-1)
510 x®—3x?-12
T (x=4)(x=3)(x-2)
- A+ XP+2
5.12. dx.
I x(x-1)(x-2)
5.14. [ X' —3x’ 12 dx
T (x=4)(x=2)x
(x-4)(x-2)
-x°+3x3 -1
5.16. > dx.
JoxP+x
3x°-12x* -7
5.18. > dx.
XS+ 2X

| j x —(arctg x)’

I(arcsin x)2 +1

N

dx.

1+ x?

X.

NS

dx.




c—X°+9x° + 4

5.19. ) dx.
X+ 3X

- X° —=5x? +5x +23
5.21. X

Y (x=D(x+D(x-5)

<2x* —5x* —8x—8
5.23. dx

¢ X(Xx=2)(x+2)

<3x* +3x3 —5x% +2
5.25.

Y X(x=D(x+2)

<x° —x* —6x>+13x+6
5.27.

’ X(X=3)(x+2)

22X+ 23 —3x% +2x -9
5.29.

X(X=1)(x+3)

- 2x° —40x—8
5.31. X.

Y X(x+4)(x-2)

x> +25x% +1

5.20. J’ — dx.

x? +5x

X+ 24 —2x3 +5x* —7Xx+9

5.22. j

5.26.

5.28.

5.30.

3amava 6. Haiitu HeonpeieIeHHbIE UHTETPAJIbI.

x® +6x%+13x+9
y

6.3.

6.5.

6.7.

(X+1)(x+2)°

x> —6Xx°+13x—6
(x+2)(x-2)°

- x3—6x% +11x—10 d
(x+2)(x-2)°

2% +6X2 +TXx+1

(x=1)(x+1)°

2x3 +6X° + TX+ 2
6.9.] X

X(x+1)°

X3 —6x* +13x -7
1.j

(x+1)(x-2)°

(x+3)(x-1x

4 2_ .
5.24.J-4x +2X° =X 3dx

X(x=1)(x+1)
c2x* +2x° —41x* + 20 dx
X(Xx—4)(x+5)
3x* —x*—12x-2
dx
X(X+1)(x—2)
(2X3 =X —Tx-12
dx
X(X—=3)(x+1)

69 jx3+6x2+13x+8
- X(X + 2)°

- x® +6x% +14x +10

6.4.
(X+1)(x+2)°
X3+ 6X2 +11X+7
0.6. 2
(X+1D(x+2)
6.8 - X3 +6x%+10x +10
o (x=1)(x+2)*
3 a2 B
6.10. J-x 6X° +13x 8dx.

X(x —2)°

J-x3 —6Xx°+14x—6
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